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ABS T RA C T 

A mathematical  formulat ion o f  the problem of guid ing  
one s t a g e  of a space v e h i c l e  i s  g iven  as a boundary va lue  
problem i n  d i f f e r e n t i a l  equat ions .  One approach to the  
s o l u t i o n  of t h i s  problem i s  t o  e n e r a t e  t h e  T a y l o r ' s  se r ies  
expansion ( i n  s e v e r a l  v a r i a b l e s  7 about a known s o l u t i o n .  
The t h e o r e t i c a l  n a t u r e  o f  such s o l u t i o n s  i s  d iscussed ,  and 
a method f o r  numer ica l ly  corriputing them i s  p resen ted .  T h i s  
method e n t a i l s  the numerical  i n t e g r a t i o n  of  an a s s o c i a t e d  
system of d i f f e r e n t i a l  equat ions,  and c-an be used t o  o b t a i n  
t h e  s o l u t i o n  t o  any d e s i r e d  degree of accuracy  f o r  p o i n t s  
i n  a r eg ion  to be de f ined .  An ex tens ion  of t h e  method to 
t he  problem of gu id ing  s e v e r a l  s t a g e s  o f  a space  v e h i c l e  
i s  a l s o  given,  employing fundamental composite f u n c t i o n  
theo ry .  
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TECHNICAL MEMORANDUM X-53059 

SPACE VEHICLF: GUIDANCE - A  BOUNDARY VALUE FORMULATION 

Robert W. Hunt and Robert S i l b e r  

SUMMARY 

The problem of guiding a space v e h i c l e  i n  f l i g h t  reduces 
u l t i m a t e l y  to t h e  determinat ion of an e x p l i c i t  basis f o r  
making t h e  s t e e r i n g  dec is ion  a t  each i n s t a n t  of f l i g h t .  T h i s  
amounts to t he  determinat ion o f  t he  a p p r o p r i a t e  v e h i c u l a r  
t h r u s t  v e c t o r  as a f u n c t i o n  of ( p o s s i b l y )  t i m e ,  c u r r e n t  s t a t e  
and c u r r e n t  performance. O f  course,  t h i s  s t e e r i n g  func t ion  
must be such t h a t  mission f u l f i l l m e n t  r e s u l t s  i n  an appro- 
p r i a t e l y  optimum sense.  % 

I n  many cases ,  following t h e  a p p l i c a t i o n  of  an opt imi-  
z a t i o n  theory ,  such a s  the ca l cu lus  of v a r i a t i o n s ,  the 
s t e e r i n g  f u n c t i o n  can be def ined as the  s o l u t i o n  to a c e r t a i n  
boundary value problem as soc ia t ed  w i t h  the  d i f f e r e n t i a l  
equat ions  of motion and o f  optimal c o n t r o l .  C e r t a i n  of the  
i n i t i a l  va lues  ( i n i t i a l  values meaning values  a t  c u r r e n t  t i m e )  
a re  to be determined as func t ions  of the o t h e r  i n i t i a l  va lues  
(and these o t h e r  i n i t i a l  values a r e  p r e c i s e l y  the arguments 
of  the  s t e e r i n g  f u n c t i o n )  such t h a t  the r e s u l t i n g  subsequent 
motion leads e v e n t u a l l y  and op t ima l ly  to mission f u l f i l l m e n t .  
(Mission f u l f i l l m e n t  and o p t i m a l i t y  imply cond i t ions  to be 
m e t  at a l a t e r  t i m e ,  thus  r e s u l t i n g  i n  a boundary va lue  
problem. ) 

The e x p l i c i t  s o l u t i o n  o f  such a boundary va lue  problem 
i s  g e n e r a l l y  dependent on the a v a i l a b i l i t y  of t n e  s o l u t i o n  
o f  the  a s s o c i a t e d  system of d i f f e r e n t i a l  equat ions .  However, 
t echniques  do ex i s t  involving n igh  speed d i g i t a l  computers 
which can be a p p l i e d  i n  l i e u  of  t h i s  s o l u t i o n .  

T h i s  paper,  which c o n s i s t s  e s s e n t i a l l y  of a mathematical  
formula t ion  o f  t he  problem o f  gu id ing  a space v e h i c l e ,  p re-  
s e n t s  a p a r t i c u l a r l y  genera l  approach to s o l v i n g  the boundary 
va lue  problem, amounting to the  expansion of the s t e e r i n g  



f u n c t i o n  i n  T a y l o r ' s  series ( i n  s e v e r a l  v a r i a b l e s )  about a 
known s o l u t i o n .  Using imbedding theorems of d i f f e r e n t i a l  
equa t ions  and i m p l i c i t  f u n c t i o n  theory ,  i t  i s  poin ted  ou t  
t h a t  under c e r t a i n  condi t ions  t h e  s t e e r i n g  f u n c t i o n  i s  
( a  wel l -def ined)  a n a l y t i c  f u n c t i o n  of its arguments, t h u s  
a s s u r i n g  convergence of t h e  obta ined  s e r i e s .  The t runca ted  
r e s u l t  i s ,  of course,  t h e  guidance polynomial. 

The method e n t a i l s  t h e  numerical  i n t e g r a t i o n  of t h e  
Jacobi  ( l i n e a r )  sys  t e m  a s s o c i a t e d  w i t h  t h e  considered 
system of  d i f f e r e n t i a l  equat ions .  This  i n t e g r a t i o n  i s  
c a r r i e d  ou t  f o r  values  corresponding to the  p rev ious ly  
mentioned one known s o l u t i o n  of t h e  boundary value problem. 
The i n t e g r a t i o n  i s  then  extended to "Jacobi  systems" of 
( a r b i t r a r i l y )  h igher  o r d e r .  

Extension of the  method to s e v e r a l  s t a g e s  i s  presented ,  
employing fundamental composite f u n c t i o n  theory .  

The fol lowing t h r e e  a s p e c t s  of t h e  a n a l y s i s  mer i t  
s p e c i a l  emphasis: 

(1) The guidance problem i s  formulated as one of a 
c l a s s  o f  boundary va lue  problems. 

(2) The exac tness  of  t h e  r e s u l t s  i s  i n  no way impaired 
by l i n e a r i z a t i o n  and/or mod i f i ca t ion  of t he  involved equat ions .  
The o r d e r  to which t h e  de te rmina t ion  can be c a r r i e d  out  i s  i n  
no way r e s t r i c t e d  by t h e  m a l y s i s .  

a s p e c t s  and/or p r o p e r t i e s  of the  considered equat ions ,  except  
i n s o f a r  as c e r t a i n  assumptions regard ing  t h e  a n a l y t i c  na tu re  
of t h e  equat ions and o t h e r  r e l a t e d  assumptions a r e  made t o  
i n s u r e  ex i s t ence  and a n a l y t i c i t y  of s o l u t i o n s .  

( 3 )  The method i s  i n  no way dependent on p a r t i c u l a r  

T h i s  r epor t  i s  d iv ided  i n t o  th ree  major s e c t i o n s .  The 
f i rs t  s e c t i o n  is intended p r i m a r i l y  f o r  t he  u n i n i t i a t e d  
r eade r ,  and c o n s i s t s  of d i scuss ions  of  a fundamental na tu re  
concerning var ious  p e r t i n e n t  a s p e c t s  of  a n a l y s i s  and of 
guidance theory.  
f i r s t  s e c t i o n  i n  o r d e r  t o  read  the  l a t t e r  two, b u t  the  r e a d e r  
who encounters  d i f f i c u l t y  i n  f i n d i n g  mot iva t ion  o r  concre te  

It i s  not  necessary  t o  have read  t h e  

examples f o r  t h e  material  of t h e  l a t t e r  two s e c t i o n s  i s  
referred to t h e  f i r s t  s e c t i o n .  
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The second s e c t i o n  is concerned w i t h  t h e  a b s t r a c t  
formula t ion  of a c e r t a i n  type of boundary value problem 
stemming from the  guidance problem. After a concise  s t a t e -  
ment o f  t he  problem, the  ex i s t ence  and p r o p e r t i e s  of t h e  
s o l u t i o n  a r e  t r e a t e d .  

The t h i r d  s e c t i o n  dea ls  w i t h  t h e  methodology of t h e  
proposed numerical  technique.  A good understanding of t h e  
method should po in t  up t h e  s i g n i f i c a n c e  of t he  second 
s e e  t i o n .  

SECTION I: SOME INTRODUCTORY CONSIDERATIONS 

A .  GENERAL 

The m a t e r i a l  of t h i s  s e c t i o n  i s  f o r  t he  most p a r t  very  
elementary and can be found i n  many t e x t s .  However, t h e  
t o p i c s  which a r e  d iscussed  a re  d iscussed  w i t h  a view to 
t h e i r  a p p l i c a t i o n  i n  the next two s e c t i o n s .  For t h i s  reason,  
many a s p e c t s  of e lementary d e f i n i t i o n  and theory  a r e  given 
an  emphasis which might not  b e  found i n  t h e  usua l  t e x t s ,  
and many p r o p e r t i e s  and examples a r e  e x h i b i t e d  correspondingly 
more e x p l i c i t l y .  

The t rea tment  of t h e  top ic s  i n  t h i s  s e c t i o n  i s  not  
in tended  to be r igorous ;  t h e  r igo rous  a s p e c t s  a r e  t r e a t e d  
i n  t h e  next  s e c t i o n .  

B. ON SOLUTIONS OF DIFFERENTIAL EQUATIONS 

Consider t h e  s i m p l e  system 

Y1 = Y2 

Y2 - - - Y1 

i n  which t h e  dot  i n d i c a t e s  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  to 
t i m e  (t). We sha l l  use the s o l u t i o n s  of t h i s  system to 
i l l u s t r a t e  d e f i n i t i o n s  and r e s u l t s  r e l a t e d  to more gene ra l  
systems. I n  f a c t ,  w e  consider  t h e  system ( s ) :  

3 



D e f i n i t i o n  1: A s o l u t i o n  t o  ( s )  on a t - i n t e r v a l  [a ,  b ]  i s  
a s e t  of n func t ions  
on [ a ,  b ]  and such t h a t  f o r  each i = 1, 2,..., n, t h e  
i d e n t i t y  

cp l ( t ) ,  . . ., cpn(t) which a r e  d i f f e r e n t i a b l e  

holds  on [a,b]. Note t h a t  t he  r i g h t  hand s i d e  of ( 1 . 2  
formed by composition of the  func t ions  cp,(t),..., Vn(t 
w i t h  the  func t ion  f i ( Y 1  ,.. ., Yn, t). 

A s  an example, t h e  two func t ions  cp ( t ) = s i n  t and 
cp2(t)=-cos t 
t - i n t e r v a l .  It i s  c l e a r  t h a t  t h e  gene ra l  s o l u t i o n  of (1.1) 
i s  given by t h e  two func t ions  

c o n s t i t u t e  a s o l u t i o n  t o  tl.1) on every  

t h a t  

cons t  
each 
appro 

@ l  (t 

O l ( t , A , B )  = A cos t + B s i n  t 

0 2 ( t , A y B )  = - A s i n  t + B cos t, 

i s ,  f o r  every  p a i r  (A,B) o f  r e a l  numbers, t h e  f u n c t i o n s  
,A ,B)  and 0 2 ( t y A y B ) ,  considered as f u n c t i o n s  of t, 
i t u t e  a s o l u t i o n  of (1.1) on eve ry  t - i n t e r v a l .  Also,  
s o l u t i o n  o f  i s  r ep resen ted  by (1 .3)  f o r  some 
lp r i a t e  p a i r  

The s ta tement  t h a t  each pa. i r  o f  va lues  (A,B)  y i e l d s  
a p a i r  of func t ions  of t s o l v i n g  (1.1) means t h a t  

. 



these being e q u a l i t i e s  i n  t. But the  a s s e r t i o n  can i n  f a c t  
be made much s t r o n g e r .  For no te  t h a t  

a 
-@, ( t ,A ,B)  = - A s i n  t + B cos t 3 0 2 ( t , A , B )  
a t  

these being i d e n t i t i e s  i n  all three arguments.* 

Because of these cons idera t ions ,  i t  i s  o f  i n t e r e s t  to 
formula te  t h e  fol lowing d e f i n i t i o n :  

D e f i n i t i o n  2:  Let @.,(t ,  a1 ,... 
cPn(t, a l , .  . . , ak) be p a r t i a l l y  d i f f e r e n t i a b l e  w i t h  r e s p e c t  
to t for t E [a,b] and f o r  (al,...y ak) E Z, a subse t  of 
k-space. Let  G be t h e  k+l dimensional s e t  o f  arguments 
(t, al  ,..., a k )  f o r  which t E [ a , b ]  and (a,  ,... , ak) e Z; 
i . e . ,  G=[Ia,blxZ. Then w e  say t h a t  the s e t  of f u n c t i o n s  
~ ~ ( t ,  a1 ,..., ak) ,..., ~ ~ ( t ,  a, ,..., ak) c o n s t i t u t e s  a 
s o l u t i o n  of ( s )  on G i f  for each i=1 ,2 ,  ..., n and each 

(t, ai,---, ak) E G,  

a k ) y  a2(t, a1 ,..., ak) ,..., 

*Of course,  t he  i d e n t i t y  (1 .5 )  does not n e c e s s a r i l y  fo l low 
from ( 1 . 4 ) .  That  i s ,  the  f a c t  t h a t  c e r t a i n  choices  f o r  
(A,B) y i e l d  func t ions  of t s a t i s f y i n g  the d i f f e r e n t i a l  
equa t ions  i n  t does not  i n  i t s e l f  imply tha t  the equat ions  
w i l l  hold i d e n t i c a l l y  i n  t h e  cons t an t s  as wel l .  T h i s  mat ter  
i s  g r e a t l y  c l a r i f i e d  by the augmented terminology 
" i d e n t i c a l l y  on S . "  Tha t  is, to s a y  t h a t  a c e r t a i n  equat ion  
holds  i d e n t i c a l l y  on S means t h a t  e q u a l i t y  i s  s a t i s f i e d  f o r  
each  argument (or s e t  of arguments) i n  S. The func t ion -  
t h e o r e t i c  imp l i ca t ions  of such a s ta tement  then  become 
dependent on the topo log ica l  p r o p e r t i e s  of S.  If S has 
s u f f i c i e n t  p r o p e r t i e s ,  one may i n f e r  from the i d e n t i t y  on 
S t h a t  two func t ions  are indeed t h e  same f u n c t i o n  and s o  
be able  t o  equate  a l l  d e r i v a t i v e s  as w e l l .  Th is  i s  the case 
i n  (1.4) s i n c e  t h e  s e t  S c o n s i s t s  of a11 va lues  of  t ,  A and B. 

5 



The f u r t h e r  r e l a t i o n s  which equa t ion  (1 .6 )  w i l l  imp1 
between t h e  func t ions  on t h e  l e f t  and r i g h t  s i d e s  of (1.67 
depend on two t h i n g s :  t h e  a h a l y t i c  n a t u r e  of t h e  func t ions  
themselves and t h e  t o p o l o g i c a l  n a t u r e  of t h e  s e t  G .  These 
cons idera t ions  are  i m p l i c i t  i n  t h e  t rea tment  i n , p a r t  two of 
t h i s  paper,  and s o  w i l l  n o t  be t r e a t e d  he re .  However, to 
make t h e  reader  aware of t h e  sort of cons ide ra t ions  which 
a re  p e r t i n e n t  to l a t e r  a n a l y s i s ,  a l i t t l e  w i l l  be s a i d  about 
t he  example (1.1). 

correspond t o  t h e  func t ions  Q , ( t y a l ,  ..., a k ) ,  ..., 
Q n ( t , a l , . . . , a k )  of  d e f i n i t i o n  2 .  Condition (1 .6)  of 

t h e  same func t ion ,  considered a s  func t ions  of t h r e e  arguments. 
T h i s  i s ,  i n  t h i s  case ,  a consequence of  (1.6), t h e  f a c t  t h a t  
t h e  func t ions  i n  (1.5) are  a n a l y t i c  and the  s e t  on which 
t h e y  a r e  a n a l y t i c  c o n s i s t s  of a l l  complex t, a l l  complex A 
and a l l  complex B. It i s  t h e r e f o r e  p o s s i b l e  to equate  a l l  
d e r i v a t i v e s  of t h e  two func t ions .  

The func t ions  Q l ( t , A , B )  and Oz(t,A,B) def ined  by (1 .3)  

d e f i n i t i o n  2 i s  f u l f i l l e d  by (1.5 . A s  has been poin ted  
out ,  the  func t ions  a/at[$, ( t , A , B  ]and @ , ( t , A , B )  are  indeed 

The reader  should be aware t h a t  i t  i s  easy  to c o n s t r u c t  
func t ions  ~ , ( t , a , , a ~ )  and 
(1 .6 )  on some se t  S, bu t  such t h a t  t h e  func t ions  
a / a t [ @ , ( t , A , B ) ]  and Q 2 ( t ,  a1 ,a2 )  do no t  t u r n  out  to be 
i d e n t i c a l .  For example, l e t  

Q2( t , a1 , a2 )  which s a t i s f y  condi t ion  

Q l ( t , a l , a z )  = a ,  s i n  t + t s i n  a2 

Q2( t , a1 , a2 )  = a,  cos  t - t s i n  az .  

then  t h e  condi t ions  



a r e  met a s  r equ i r ed  by d e f i n i t i o n  2 on the  s e t  G, c o n s i s t i n g  
of any c losed  t - i n t e r v a l  for [a ,b]  and t h e  s e t  Z of a l l  
p a i r s  ( a l ,  a,) with a ,  u n r e s t r i c t e d  but  a, a mul t ip l e  of TT. 

The po in t  of a l l  of th i s ,  once again,  i s  t h a t  t h e  s t r o n g  
i d e n t i t  g iven by (1.5) i s  no t  an automatic  consequence 
o f  (1.67. 

We now cons ider  t h e  cons tan ts  A and B i n  (1.3). 
cons t an t s  might have been taken as " i n i t i a l  va lues"  i n  the  
fo l lowing  sense.  A t ime T i s  s e l e c t e d  as the " i n i t i a l "  
t i m e  and Tl and ?la a r e  s e l e c t e d  a s  t h e  values  o f  y1 and 
y a y  r e s p e c t i v e l y ,  a t  t = T .  Then (1.3) becomes 

These 

and 

these ' i d e n t i t i e s  holding i n  all f o u r  arguments.  

But a long w i t h  t h e  i d e n t i t i e s  (1.8), t h e r e  a r e  two 
o t h e r s ,  which a r e  a consequence of t h e  d e f i n i t i o n  of 
ql, q 2  and T .  These a r e  

7 



in which identity holds in all three arguments. This means, 
for instance, that Y1 reduces to q l  at t = r, regardless of 
the values assigned to T ,  VI, and Vs. A similar statement 
is applicable to Y2. 

analogue in the general case. 
following rather lengthy definition. 

These statements about initial values have their 
We summarize them in the 

Definition 3: Consider a set of functions Yl(t, r ,  ql,..., qn), 
..., Yn(t, T ,  ql,..., qn). Let Z be a subset of n-space and 

let Z' consist of all points ( ~ , q 1 ,  ...,qn) such that r e [a,b] 
and (vi,***>~n) e Z, i.e., Z' = [a,b]xZ. Let 

G = [a,b]xZ', the set of all (t,T,Tll, ...,vn) such that 
t 8 [a,b], T e [a,b] and ( v l  ,..., vn) c Z. Suppose that 
the Set Yl(t,7-,v1,...,vn),..., Yn(t,T,Vlj ...,vn) constitutes 
a solution of (s) on G in the sense of definition 2. Suppose 
further that f o r  each T 8 [a,b] and each (Tl1 , ' l2 , . . . Jn)  e Z 
and each i=1,2 ,..., n, 

(l.lO)* 

Then we say that r is the initial time for the solution set 
YI ( t , T  , T J l  7 j II,) - 'Yn (t ,T J - . J Tn) and that the 
arguments (vl,..,vn) are the initial values of the solution. 
This terminology is applicable, of course, on Z'. 

* cf. (1.9) 
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The discussion immediately following definition 2 
is again of interest for definition 3. Without belaboring 
the point, it is simply mentioned that if the functions Yi 
and the set Z' possess sufficiently many properties, equation 
(1.10) may be differentiated on both sides unrestrictedly. 
This is of interest later on. 

Questions concerning the existence and properties of 
solutions such as those described in definitions 2 and 3 
are not discussed here. They will, however, be treated 
in Section I1 of this paper f o r  the particular type of 
system (s) of interest. 

Since the set Y1 (t,  T , T  I,. . . , vn), . . . ,Yn (t ,  T , T I ,  . . . , Tn) 
of definition 3 is a solution of (s) on G in tne sense 
of definition 2, equation (1.6) is applicable. This yields 

(1.11) 

c 

for i=1,2 ,..., n, and for (t,T,Vl, ..., Tin) E G . 
This identity and its partial derivatives together 

with (1.10) and its partial derivatives are basic to 
the method outlined in Section 111. Once again it is 
pointed out that differentiation of these identities must 
be justified, but this will be done in Section 11. 

C. THE JACOB1 EQUATIONS 

In this section the partial derivatives of the functions 
Yi(t,T,q1, ...,In) with respect to the parameters (7,T1, ...,Tin) 
will be considered. It will be convenient to assume that 
all partial derivatives which come under consideration in 
the present discussion exist and are continuous. Under 
this assumption, certain systems of equations which these 
partial derivatives satisfy will be derived. 

Consider the identity (1.11). We will now take partial 
derivatives on both sides of  this identity, assuming that 
all involved processess f o r  equating of derivatives can be 
justified. 
requires the chain rule, since the right side is a composite 
function. 

Differentiation of the right side of (1.11) 

9 



Suppose both sides of (1.11) are differentiated 
partially with respect to r)k. The left side yields 

which,under the assumptions of existence and continuity of 
of second partials, can be written 

On the right side, application of the chain rule yields 

For purposes of subsequent differentiations, it is 
important t h a t  the reader realize explicitly the substitutions 
(and the order thereof) called for by the chain rule. In 
differentiating the right side of (1. ll), one begins with 
the original functions which were composed to yield that 
function being differentiated. These are 

a fi 
ayj 

One then forms - , which, of course, is again a 

function of (yl, ...,yn, t) (not of ( t , T , q l ,  ...,qn)). - 

10 
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A f t e r  t h e  d i f f e r e n t i a t i o n  of f i  with r e s p e c t  t o  Y j J  the 
same s u b s t i t u t i o n s  a r e  made f o r  t he  arguments o f  
a s  were made o r i g i n a l l y  f o r  f i  i t s e l f .  Thus, f o r  t h e  
cons idered  d i f f e r e n t i a t i o n ,  one s u b s t i t u t e s  i n t o  

a f i / a Y j  

to o b t a i n  

Thus, t h e  equat ion  f o r  the  considered p a r t i a l  d e r i v a t i v e ,  
w r i t t e n  i n  such a way as t o  e x h i b i t  a l l  arguments, i s  

C l e a r l y  i t  w i l l  be necessary,  i n  t he  f u r t h e r  use  of 
(1.12), t o  in t roduce  a s h o r t e r  n o t a t i o n .  
has been s o  w r i t t e n  because it  i s  not  p o s s i b l e  t o  determine 
s i m i l a r  equat ions  f o r  second and h ighe r  p a r t i a l s ,  aga in  by 
a p p l i c a t i o n  o f  t h e  chain r u l e ,  without  t h i s  e x p l i c i t  
s ta tement  o f  t h e  involved arguments. For example, should 
one wish t o  d i f f e r e n t i a t e  the r i g h t  hand s i d e  o f  (1 .12)  
with r e s p e c t  t o ,  say,  qp ,  it i s  c l e a r  f r o m  i n s p e c t i o n  of 
( 1 . 1 2 )  t ha t  t h e  chain r u l e  would be a p p l i e d  to t h e  term 

Equat ion (1.12)  
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I af 
- . Indeed, using arguments similar to those given in 

the derivation of (1.12), one obtains 
dyj 

Clearly, under our assumptions of justifiability, 
higher and higher order equations of this form might be 
obtained by successive application of the chain rule. This 
is of significance to the method outlined in the third 
section. 

It is interestin to note that the derivation of 
equations (1.12) and $1.13) in no way depended on that 
fact that the parameters ql, ...,qn were initial values 
(cf. (1.10)). All that was used was the fact that the 

From this it follows that 
(1.12) and (1.13) are applicable whenever one or more of 
the differentiations are with respect to T .  

functions Yi(t,T,T)1, ..,q were solutions of (s) in all 
their arguments (cf. (1.117 . 1 
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Equation (1 .12)  might be w r i t t e n  i n  matrix form. I f  

appearing i n  t he  i t h  row * Y i s  an n x n  matrix w i t h  

and jth column, and if F i s  an  n x n  matrix w i t h  
a f i  
r (Y1 , . .  . , Y n , t )  appearing i n  the ith row and j th column, 

Y J  
t hen  equat ion  (1 .12)  reads  

a 
- Y = F Y  . 
at 

(1.14) 

I f  (1.14) i s  considered f o r  a p a r t i c u l a r  s o l u t i o n  
t h a t  i s ,  i f  the values  o f  r,ql,...,qn a r e  f ixed  

s o  t h a t  every  t e r m  becomes a f u n c t i o n  o f  t and 
may be w r i t t e n  

Y = F Y  , 

which i s  sometimes c a l l e d  the  Jacob i  equa t ion  a s s o c i a t e d  
to ( s )  and the  p a r t i c u l a r  s o l u t i o n  considered.  

The i n i t i a l  value o f  the Y matrix i n  (1.15) i s  known 
i f  i t  i s  supposed tha t  t he  parameters q l , . . . , m  do i n  
f a c t  correspond to values  at time T. For by examination 
of (1.10) one s e e s  tha t*  

(1.16) 

a 

*Once aga in  assuming j u s t i f i a b i l i t y .  



where 
Y, this means that Y is the solution of 

6ij is the Kronecker delta. In terms of the matrix 

1 14 

2 = FY (1.15) 

which at t=-r is the n x n  identity matrix. Also ,  again 
referring to (1. l o ) ,  

f o r  every l<i,j,k<n; and it is clear that the values of  
all higher partials at t=T '  are zero as well. 

Before going on t o  the next topic, one more aspect 
of  the Jacob1 (and higher order) equations will be treated. 
In the method discussed in Section 111, the following 
situation arises. A particular solution of (s) is under 
consideration; there is given a set of values 
7*,rjl* ,..., qn*. 
chosen set of values.) Beginning at t=-r* and ending at 
some final time tf*>T*, the system (s) is integrated 
numerically, using a high speed digital computer, to 
yield the numerical values of  Yi(t,~*,qi*, ...,qn*) f o r  
each i=1,2, ..., n and each T*<t< t f* .  - -  O f  course, it may 
be assumed that any other values which can be derived 
numerically from these values are also known. Thus, in 
particular, the matrix F of  (1.15) is a numerically known 
function of time. Since the initial value of Y is known 
to be simply the n x n  identity, and since Y satisfies 
(1.15), this equation can be integrated numerically to 
yield the values of Y at each T*<t< t f* .  - -  In like manner, 
(1.13) can be integrated to yield numerical values for all 
second partials for T*<t< t f* ,  - -  and indeed, it is clear that 
numerical values f o r  - all partials (assuming their existence 
and justification of the method) can be determined for 
-r*<t<tf* - -  and, of course, corresponding to the particular 
initial values ql*,...,qn*. 

(We use asterisks t o  denote a fixed, 



To i l l u s t r a t e  t h i s ,  consider  the system (1.1) (whose 
s o l u t i o n  is  given by ( 1 . 7 ) ) .  
t h e  gene ra l  s i t u a t i o n ,  we must p re tend  t h a t  (1.7) i s  not 
a v a i l a b l e .  (Since (1.7) i n  f a c t  i s  a v a i l a b l e ,  we have t h e  
advantage of knowing a pr ior i  what numbers w i l l  r e s u l t  from 
numerical  i n t e g r a t i o n f r o m  a p a r t i c u l a r  s e t  of i n i t i a l  

I n  o r d e r  t o  p rope r ly  ana log ize  

va lues .  ) 

Assume tha t  f o r  t h e  p a r t i c u l a r  s o l u t i o n  determined 
by t h e  va lues  T*=O, q l*= l ,  q2*=1, (1.1) i s  numer ica l ly  
i n t e g r a t e d  up to tf*=n/2. According t o  (1 .7)J  f o r  each 
O < t < @  , t h e  numerical  values s o  determined w i l l  be - -  

y 1 ( t , o , i , i )  = cos t + s i n  t 

y 2 ( t , 0 , 1 , 1 )  = - s in  t + cos t 
(1.18) 

To s e t  up equat ion  (1.15) f o r  t h i s  case,  it i s  
necessa ry  to determine t h e  F matrlx. By comparing (1.1) 
wi th  ( s ) ,  we see  t h a t  

f 1 ( Y 1 , Y 2 J t )  = Y 2  and ' 2 ( Y 1 J Y 2 J t )  = - Y1 

3f2 3f2 3 f l  3 f l  

3Y 1 3 Y 2  3 Y  1 3 Y 2  
-1, - =  -1, - = 0 0 ,  - - - =  

and s o  

and (1-.15) becomes 

i=(4 ;)Y , (1.19) 



which, when w r i t t e n  out, y i e l d s  
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a Y 1  . ay, . 
ar, 1 3% 

I f  we f o r  t h e  moment denote  - 2 DY a1, - D Y  a29 

ayl  _. ay2 

aq* h 2  

- ~y p l ,  and - by p2 ,  we s e e  t h a t  t h e  f i r s t  and t h i r d  

equa t ions  above a r e  t h e  system 

al = a2 

while t h e  second and f o u r t h  a r e  

P 1  = P 2  

P 2  = - P 1  ' 

Clear ly  each of t hese  systems i s  t h e  same as (1.1) 
i t s e l f ,  except tha t  t h e  involved q u a n t i t i e s  have d i f f e r e n t  
des igna t ions .  Applying (1.7) to a l  and a2 and then 
to p 1  and P 2 ,  and observing from (1.16) t h a t  a t  



t=73C=OJ a1=1, a 2 = O J  pi=O, p 2 = l J  we see that ai= cos t, 
a2 = - sin t, p1 = sin t J  p 2  = cos t. What we have thus 
shown is the following: If (1.19) 5s  integrated numerically 
using the initial value (t=O) of Y to be the 2 x 2  identity, 
then the numerical value of the matrix Y thus determined 
will be, for each O<t<rr /2 ,  -- given by 

cos t 

-sin t 
Y =( 

This result can be 
of (1.7) and subsequent 
q2*==l. 

sin t 

cos t 

readily verified by differentiation 
substitution of +=O, ql*=lJ 

This same numerical procedure can be applied to higher 
partials (cf. (1.13) and (1.17)). The result of this is 
that for any known solution of (s), the partial derivatives 
of the solution to the initial value problem (cf. definition 3) 
with resDect to the initial values are numerically determinable 

D. THE GUIDANCE PROBLEM GENERALLY 

Any discussion of space vehicle guidance must involve 
four major aspects. These are: 

1. The flight environment, 
2. Vehicle performance characteristics, 
3. Mission, 
4. Optimization criteria. 

Mathematically, the first item amounts to the totality 
of extra-vehicular accelerations experienced by the vehicle. 
Examples are gravitational effects of one or more bodies 
and atmospheric lift and drag. The second item includes 
those parameters pertaining to the vehicle and influencing 
its motion. Certainly this would include thrust and mass 
of the vehicle. For atmospheric flight, the shape would 
also affect the motion. 



The third item, the mission, is assumed to determine 
a number of mathematical relationships among the position 
and velocity variables of the vehicle and possibly time, 
whose simultaneous satisfaction is both a necessary and 
sufficient condition for mission fulfillment. These 
mathematical relationships are referred to as the mission 
criteria. 

The last item, optimization Criteria, results from 
the existence of a multiplicity of flight paths leading 
to mission fulfillment. When confronted with such a 
choice, it is natural to seek out the best o r  optimum 
solution, after having decided upon criteria for defining 
the optimum choice. 

The exact way in which this can be done and a deri- 
vation and presentation of the involved equations is t o o  
lengthy a matter to treat here. Instead, we shall briefly 
describe the nature of the optimization and the results 
thereof. 
found in the references listed at the end of this report. 

a space vehicle with fixed performance. Let F be the 
magnitude of thrust, assumed constant, m be the mass of 
the vehicle at time 
and x, y and z be the position coordinates of the 
vehicle in some coordinate system. The direction of the 
thrust vector requires two angles for its specification; 
let these be Xp and Xy. The convention f o r  measuring 
these angles is not important here. 

A detailed treatment of this problem may be 

For the sake of definiteness, we assume we have given 

t ,  assumed to vary linearly with time? 

We assume the environment of the vehicle to be a 
known function of time. If the vehicle is subject to the 
gravitational effects of several bodies which are in motion, 
then time will appear explicitly in the equations governing 
the motion of the vehicle. In atmospheric flight, the 
components of velocity A, $, 5 will a l s o  be expected to 
influence the motion. 

Again for the sake of definiteness, let us assume 
vacuum flight so that (neglecting relativistic considerations) 
the forces acting on the vehicle can be determined knowing 
F, m, t, x, Y, z ,  XPJ and xy. 
second law and division by mf0, we can obtain 

By an application of Newton's 

*It should be pointed out that these and later assumptions 
can be lifted. 
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Actually, under our assumptions, F and m needn't 
appear explicitly as arguments, since they are functions 
of time and could be replaced by such. However, as 
parameters, they have important hysical significance 
(especially their initial values7 and it is desirable to 
retain their identity throughout. We do this as follows: 
to the above system is added the two differential equations 

m = c  

and F = 0 . 

Also, the original set of 3 second order equations 
is reduced to a system of 6 first  order equatlons.by the 
addition of the equations 

x = u  

y = v  

z = w  . 
Upon combining all of these, we obtain the first 

order s ys tem 

x = u  

y = v  

z = w  
(1.20) 



System (1.20)  i s  n o t  of t he  form of system ( s )  because 
of the  presence of t h e  v a r i a b l e s  Xp, X f o r  which t h e r e  

xy a r e  c o n t r o l  v a r i a b l e s .  The i r  s p e c i f i c a t i o n  as f u n c t i o n s  
of t i m e ,  t oge the r  w i t h  t he  s p e c i f i c a t i o n  of i n i t i a l  cond i t ions  
would determine a unique s o l u t i o n  to (1.20), if the  r i g h t  hand 
s ides  of (1.20) have enough p r o p e r t i e s .  I n  a g iven  s i t u a t i o n ,  
t h e r e  a re  two outs tanding  ques t ions  t o  be answered concerning 

and 
t h e  c o n t r o l  v a r i a b l e s  X 
f u n c t i o n s  X p ( t )  and x ( f )  whic when coupled w i t h  a p p r o p r i a t e  
i n i t i a l  va lues ,  r e s u l c  i n  mission f u l f i l l m e n t ?  
t h i s ,  do t h e r e  ex i s t  func t ions  X p ( t )  and X y ( t )  which, when 
coupled w i t h  a p p r o p r i a t e  i n i t i a l  values ,  y i e l d  a s o l u t i o n  
of (1 .20)  which a t  some l a t e r  i n s t a n t  s a t i s f i e s  ( s imul taneous ly)  
t h e  mission c r i t e r i a ?  The second ques t ion  i s  meaningful on ly  
i f  t h e  answer to the  f i r s t  i s  a f f i r m a t i v e .  It i s :  Is t h e  s e t  
of func t ions  x (t), 
y i e l d  mission f h f i l l m e n t  o p t i m a l l y ?  

are  no corresponding d i f f e r e n t i a l  equa E i o n s .  Thus, X p  and 

. F i r s t ,  do t h e r e  e x i s t  

To rephrase  

x y ( t )  unique, and i f  n o t ,  what s e t  w i l l  

C l e a r l y ,  such ques t ions  can be formulated f o r  systems 
more genera l  t han  ( 1 . 2 0 ) .  One assumes as given a system 

and i n q u i r e s  a s  t o  t h e  e x i s t e n c e  of func t ions  u l ( t ) ,  ..., u k ( t )  
which w i l l  t ake  a s e t  of i n i t i a l  va lues  x1o, . . . ,xm0 f o r  
x l , .  . . , x  i n t o  another  s e t  a t  a l a t e r  t ime, o r  more g e n e r a l l y ,  
w i l l  y ieyd s o l u t i o n s  f o r  which, a t  some 
l a t e r  t i m e ,  s a t i s f y  c e r t a i n  cond i t ions  of t h e  form 

x l ( t ) ,  . . . ,x , ( t )  

I f  the answer i s  yes ,  t h e  motion i s  sa id  t o  be c o n t r o l l a b l e  
a t  the i n i t i a l  po in t  X ~ ~ , . . . , X ~ ~ .  If t h e  f u n c t i o n s  
u l ( t ) ,  ..., u k ( t )  a r e  not  unique, i t  i s  reasonable  t o  optimize 
t h e i r  s e l e c t i o n .  
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I n  summary, there  a re  two b a s i c  ques t ions :  e x i s t e n c e  
and uniqueness,  o r  equ iva len t ly ,  c o n t r o l l a b i l i t y  and 
o p t i m a l i t y .  

We r e t u r n  now to system ( 1 . 2 0 ) .  Suppose t h a t  a t  some 
i n s t a n t  T of  f l i g h t ,  the  veh ic l e  has coord ina tes  x o , y ~ , z ~ ,  
u ~ , v ~ , w ~ , F ~ ,  and mo. Suppose t h a t  t h e  mission c r i t e r i a  are 
g iven  by a s e t  of  equat ions  
i=1,2,  ..., k56. The assumption k<6 i s  a consequence of  
l a t e r  r e s u l t s  
p o i n t  of the d i scuss ion .  

Fi(t,X,y,z,u,v,w)=O, 

and w i l l  b e  explained a t  the a p p r o p r i a t e  

Under t he  assumption of t he  e x i s t e n c e  of s o l u t i o n s  
f o r  X p ( t )  and X y ( t )  y i e ld ing  s o l u t i o n s  of (1 .20)  which 
a l s o  s a t i s f y  the  mission c r i t e r i a ,  and under t he  assumption 
t h a t  the opt imiza t ion  c r i t e r i a  can be expressed as the  
minimization of some one func t ion  of t h e  end-conditions* 
possess ing  enough p r o p e r t i e s  t o  make i t  amenable to a v a i l a b l e  
mathematical  techniques,  a n  op t imiza t ion  theo ry  such as the 
c a l c u l u s  of v a r i a t i o n s  can be app l i ed  to system (1 .20 ) .  T h i s ,  
f o r  example, i s  the case i f  i t  i s  d e s i r e d  to minimize t h e  
p r o p e l l a n t  consumption e n t a i l e d  i n  reaching the  end-point.  

Now, the s i g n i f i c a n t  aspec t  of the a p p l i c a t i o n  of  
ca l cu lus  of v a r i a t i o n s  to system (1 .20)  i s  t h a t  t he  r e s u l t  
i s  t o  reduce the system back to t h e  form of ( s ) .  More 
gene ra l ly ,  a system of the form of ( T )  w i l l  become of t h e  
f o r m  of ( s )  by the a d d i t i o n  of  more d i f f e r e n t i a l  equat ions .  
The c o n t r o l  v a r i a b l e s  might b e  rep laced  by new v a r i a b l e s ,  
and the number might even be increased;  bu t  t h e  end r e s u l t  
i s  a system of t he  form o f  ( s ) .  

Therefore ,  the a n a l y s i s  i n  Sec t ions  I1 and I11 begins  
w i t h  the system ( s ) .  The a c t u a l  op t imiza t ion  i s  of no 
i n t e r e s t  f o r  our  p re sen t  purposes once ( s )  i s  g iven  a long  
w i t h  c e r t a i n  boundary condi t ions  to be d i scussed  p r e s e n t l y .  

Now l e t  n=m+k and cons ider  the system ( s ) :  

*The va lues  of x ,y , t ,u ,v ,w, t ,  e t c . ,  occu r r ing  at t h e  i n s t a n t  
a t  which the mission c r i t e r i a  are a l l  s a t i s f i e d  are  referred 
t o  as the  end-condi t ions.  

__. 
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I n  the context  of t h e  guidance problem, the v a r i a b l e s  
y l , . . . , y n  a r e  sepa ra t ed  i n t o  two types :  t h e  f i r s t  type ,  
c o n s i s t i n g  of t hose  v a r i a b l e s  i n  (1 .20 )  for which t h e r e  
are i n i t i a l l y  g iven  d i f f e r e n t i a l  equat ions  and i n i t i a l  
va lues ,  w i l l  be denoted by y ~ , . . . , y m .  The remaining 
.var iab les ,  c o n s i s t i n g  e i t h e r  of the  o r i g i n a l  c o n t r o l  
v a r i a b l e s ,  o r  t hose  in t roduced  by the  opt imiza t ion ,  are  
denoted by ym+l, .Ym+k. 

Again, by analogy t o  t h e  guidance problem, w e  assume 
t h a t  t h e  i n i t i a l  va lues  a t  t = T  Of y1, . . . , y m  a r e  given;  
l e t  these be 771, . . . ,qm.  

nes s  and ex i s t ence ,  l e t  Yl(t,T,ql , . . . , q n ) , . . . ,  Yn( t ,T ,q l ,  . . . ,Tn )  
be the  s o l u t i o n  t o  ( s )  i n  terms of i n i t i a l  va lues ,  accord ing  
t o  d e f i n i t i o n  3 .  Then, i n  o rde r  to s o l v e  t h e  guidance problem, 
w e  must (1) keep t h e  ‘values of q l , . . . , q r n  fixed i n  o r d e r  to 
r e f l e c t  the  a c t u a l  i n i t i a l  va lues  i n  f l i g h t  -2) f i n d  va lues  
of t h e  remaining i n i t i a l  cond i t ions ,  qm+l, ...qm+k which w i l l  
y i e l d  a s o l u t i o n  of ( s )  s a t i s f y i n g  at some l a t e r  i n s t a n t  t h e  
mission c r i t e r i a  (and o t h e r  cond i t ions  imposed by t h e  opt imi-  
z a t i o n  to be mentioned s h o r t l y ) .  

Without bo ther ing  ( p r e s e n t l y )  about ques t ions  of unique- 

Note t h a t  every s o l u t i o n  of ( s )  which a t  t = T  s a t i s f i e s  
yi=r)i  , i = 1 , 2 ,  ..., m, i s  given by the  k-parameter fami ly  

(1.21) 

T h i s  means t h a t  t h e r e  a r e  a v a i l a b l e  e x a c t l y  k+ l  v a r i a b l e s ,  
namely t , r ) m + l ,  ...,qm+k , with  which to s a t i s f y  t h e  mission 
c r i t e r i a .  C lea r ly  the number of mission c r i t e r i a  cannot exceed 
k+l. T h i s  accounts f o r  the e a r l i e r  assumption of k16 i n  
d i s c u s s i n g  s y s t e m  (1 .20 ) .  

We now mention t h e  o t h e r  condi t ions  imposed by t h e  
opt imiza t ion .  I f  t h e  number of mission c r i t e r i a  i s  l e s s  t han  
k+l ,  t h e  ca l cu lus  of v a r i a t i o n s , b y  way of a necessary  cond i t ion  
known as the  t r a n s v e r s a l i t y  condi t ion ,  f u r n i s h e s  a d d i t i o n a l  
r e l a t i o n s h i p s  to be met a t  the  end-point ( i . e . ,  a t  the  same 
i n s t a n t  t h a t  t h e  mission c r i t e r i a  a r e  s a t i s f i e d )  i n  such  a 
way t h a t  t h e  t o t a l  number of cond i t ions  i s  i n v a r i a b l y  k+l*. 
The s i n g l e  d i f f e r e n c e  between t h e  mission c r i t e r i a  and t h e  
t r a n s v e r s a l i t y  cond i t ion  i s  t h a t  t he  arguments of t h e  

* T h i s  s ta tement  c l e a r l y  assumes t h a t  the  involved func t ions  
possess  a l l  those p r o p e r t i e s  which may be  r equ i r ed  by the 
op t imiza t ion  theory .  The t r a n s v e r s a l i t y  cond i t ion  determines 
t h e  optimum end po in t  among those  which s a t i s f y  t h e  mission 
c r i t e r i a .  
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cond i t ions  imposed by t r a n s v e r s a l i t y  g e n e r a l l y  range through 
a l l  t h e  v a r i a b l e s  ( t , y l ,  . . . , y n )  while  t h e  mission c r i t e r i a  
con ta in  a t  most t he  arguments (t, yl , . . . ,ym) .  

For convenience, we group t o g e t h e r  the mission c r i t e r i a  
and condi t ions  of t r a n s v e r s a l i t y  i n t o  the  one set  

The a n a l y s i s  of Sec t ions  I1 and 111 i s  concerned with 
the  func t ions  obtained by the s u b s t i t u t i o n  o f  (1.21) i n t o  
(1.22) and subsequent s o l u t i o n  for t he  appropr i a t e  t and 
q m + l ,  . . . , q m + k  i n  terms of q1*, ...,qm*. T h i s  i s ,  a f t e r  
a l l ,  t h e  needed information.  The s o l u t i o n s  obtained i n  t h i s  
manner would y i e l d  t h a t  s o l u t i o n  of ( s )  which was optimum 
or which was a t  l e a s t  determined through s a t i s f a c t i o n  of 
cond i t ions  necessary  f o r  op t ima l i ty  and s a t i s f a c t i o n  of 
mission c r i t e r i a .  

Phys ica l ly ,  the func t ions  

obta ined  by the  above method of s o l u t i o n ,  amount to s p e c i f i -  
c a t i o n  of t he  values  o f  t h e  c o n t r o l  v a r i a b l e s  (xp  andXy) 
- -  a t  7 as func t ions  of values of p o s i t i o n ,  v e l o c i t y ,  fo rce ,  
mass a t  7 and T i t s e l f .  The f u n c t i o n  t ( q , ,  . . . ,qm) 
r e p r e s e n t s t h e  end t ime, a t  which t h e  mission c r i t e r i a  and 
t r a n s v e r s a l i t y  condi t ion  a r e  s a t i s f i e d .  For t h e  s i g n i f i c a n c e  
of t h e s e  func t ions ,  t he  reader  i s  r e f e r r e d  to t h e  f i r s t  
paragraph of t h e  a b s t r a c t  and i n t r o d u c t i o n .  

For l a t e r  r e fe rence ,  we i n d i c a t e  t h e  a c t u a l  system to - 
be so lved  f o r  qm+l , . . . ,qm+k and t : 

(1.23) 

f o r  each j = 1, 2 ,  ..., k+1. 
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Thus, the equat ions  (1 .23)  a c t u a l l y  d e f i n e  the  s t e e r i n g  
f u n c t i o n  i m p l i c i t l y  i n  terms of i n i t i a l  s t a t e  and performance. 
Ex i s t ence ,  uniqueness,  and o t h e r  p r o p e r t i e s  of t he  i m p l i c i t l y  
de f ined  func t ions  a r e  d i r e c t l y  determined by t h e  p r o p e r t i e s  
of the func t ions  i n  (1 .22)  and (1 .21 ) .  E l e g a n t l y  enough, 
though t h e  func t ions  i n  (1 .21)  a r e  n o t  known, t h e i r  p r o p e r t i e s  
can be i n f e r r e d  from t hose  of the  system ( s ) .  Thus, w i t h  no 
a c t u a l  knowledge of t he  gene ra l  s o l u t i o n  o f  ( s )  ( c f .  (1.20)), 
very  d e f i n i t e  s t a t emen t s  can be made concerning the e x i s t e n c e  
and n a t u r e  o f  the  s t e e r i n g  f u n c t i o n s .  A l l  of these s t a t emen t s  
w i l l  f o l low from examination of equa t ions  ( l . 2 3 ) ,  (1 .22) ,  and 
( s  ), a long  with informat ion  concerning one numer ica l ly  known 
s o l u t i o n  of ( s )  s a t i s f y i n g  ( 1 . 2 3 ) .  

SECTION 11. ON THE FORNULATION AND SOLUTION OF A CERTAIN 
BOUNDARY-VALUE PROBLEM STEMMING FROM GUIDANCE CONSIDERATIONS 

A .  DEFINITIONS AND ASSUMPTIONS 

Let t h e r e  be given a system of f i r s t  o r d e r  d i f f e r e n t i a l  
equa t ions  

I f  ( z , ,  ..., zn ,w)  i s  an nt- l - tuple  o f  complex arguments, a 
con ta in ing  t h e  complex n + l  dimensional p o i n t  

n J w )  s ha l l  mean a s e t  of t he  form 

and r, ,..., r,+l are  a l l  p o s i t i v e .  
w i l l  be s a i d  t o  be a n a l y t i c  at ( z , ,  ..., zn,w) i f  f i  i s  
e x p r e s s i b l e  by a power s e r i e s  

A f u n c t i o n  f i ( z l  ,..., Z n , w )  
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, 

which I s  convergent a t  l e a s t  i n  some po lycy l inde r  
c o n t a i n i n g  ( z  l , .  . . , zn, W )  . 

L e t  U be the s e t  of  r e a l  ni- l - tuples  ( y  , . . . , y n , t )  a t  
which each of the func t ions  
i s  a n a l y t i c .  Note t h a t  even though U con ta ins  only  r e a l  
n+ l - tup le s ,  a n a l y t i c i t y  e n t a i l s  convergence of t he  power 
s e r i e s  r e p r e s e n t a t i o n  i n  the  complex polycyl inder .  

f i ( Y 1 ,  . . . ,Yn, t f , i=1 ,2 ,  ..., n , 

L e t  there be given a s  well  a. s e t  of func t ions  

F j ( t , y l , .  . . , y n ) ,  j=1,2,. . .,k+l (2.1) 

and l e t  V denote  the  c o l l e c t i o n  of r e a l  n+ l - tup le s  a t  which 
each  of t he  f u n c t i o n s  F j ( t , y l , .  . . , y n )  i s  a n a l y t i c .  

L e t  the  func t ions  q i ( t ) ,  i = l y 2 ,  ..., n, be rea l -va lued  
f o r  each r e a l  T* < t < t *. Suppose f u r t h e r  t h a t  t h e y  
c o n s t i t u t e  a so lu tyon  zf f s )  on [ T * ,  tf*]; i . e . ,  each 
T i ( t ) ,  i = 1 , 2 , . . . , n  i s  a d i f f e r e n t i a b l e  f u n c t i o n  of t on 
[ T * ,  tf*] and 

f o r  each t e [ T * ,  tf*], and each  i = l Y 2 ,  ..., n. 

composition of each v i ( t )  and f ' i (y1, .  . . , y n , t ) .  
n o t a t i o n a l  convenience, w e  s e t  

The  r ight-hand s i d e  of ( 2 . 2 )  i s  obta ined  by the  
For l a t e r  

  pi(^*) = qi*, i=l, 2, .  . . , n  . ( 2 . 3 )  

The s o l u t i o n  set  of q l ( t ) ,  . . . , q n (  t) w i l l  be s a i d  to be 
a proper ,  r ea l ,  a n a l y t i c ,  non-singular ,  c o n t r o l l a b l e  s o l u t i o n  
of ( s )  on ET*, tf*] i f  a l l  of the fo l lowing  cond i t ions  a r e  
m e t  ( w e  s h a l l  a b b r e v i a t e  t h e  above s t a t emen t  to say ing  t h a t  
q l ( t )  ,... , c p n ( t )  form a P.R.A.N.C. s o l u t i o n  of ( s )  on 
[ T * ,  t f * l ) :  
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(i) q i ( t )  i s  rea l -va lued  on [T*, tf*] f o r  each 
i=1 ,2  ,..., n and s a t i s f i e s  (2.2) t h e r e ;  

( i v )  F j ( t , q l ( t ) ,  . . . , q n ( t ) )  # 0 f o r  a l l  j s imul taneous ly  
f o r  t e [ T * ,  tf*); 

( v )  a c e r t a i n  Jacobian  J #  0. J w i l l  be def ined  s h o r t l y .  

A word about terminology. I n  t h e  expres s ion  proper ,  
r e a l ,  a n a l y t i c ,  non-singular ,  c o n t r o l l a b l e ,  each term has 
i t s  b a s i s  in one p rope r ty  r equ i r ed  by t h e  d e f i n i t i o n .  

i)  is the  b a s i s  for t he  t e r m  r e a l  s o l u t i o n ;  
p rope r ty  Property i t )  i s  the  b a s i s  f o r  the t e r m  a n a l y t i c ;  p rope r ty  
(iii) i s  t h e  b a s i s  f o r  t h e  t e r m  c o n t r o l l a b l e ;  p rope r ty  ( i v )  
i s  t h e  b a s i s  f o r  t he  t e r m  proper;  and p rope r ty  ( v )  i s  the  
b a s i s  f o r  t h e  term non-singular .  I n  o r d e r  to d e f i n e  the 
Jacobian  J o f  p rope r ty  ( v ) ,  it i s  necessary  t o  s t a t e  t h e  
fol lowing theorem. 

Theorem 1 : Let the  func t ions  T i ( t ) ,  i=1 ,2 , .  . . , n  
be rea l -va lued  and d i f f e r e n t i a b l e  on [T* ,  tf*] and s a t i s f y  
(2 .2 )  t h e r e .  Suppose t h a t  f o r  each t E [ T * ,  tf*], 
( rp i ( t ) ,CP2( t ) ,  . . . , ( pn (  t ) , t )  E u. Let (p i (T*)  = T i * ,  i=1,2,...,n. 
Then t h e r e  e x i s t s  a unique s e t  of func t ions  

with t h e  fol lowing p r o p e r t i e s :  

( i )  There i s  a p o s i t i v e  number p such t h a t  f o r  each 
T c [T* ,  t f * l  and each complex n- tuple  (ql, . . . , q n )  such 
t h a t  I ~ I - ( P ~ ( T )  ( + ( T - ) ~ - T ~ ( T ) ~ + .  . .+lqn-cpn(~)  I < p ,  
y1 ( t ~  
to (2 .2 )  on [T*,  tf*]. 

the func t ions  
731, J T-)n) J ~Yn(t, T ,  qi, J qn) c o n s t i t u t e  a s o l u t i o n  
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(iii) f o r  each i=1 ,2 ,  ..., n, Y i ( t , , ~ , q ~ , . . . , q ~ )  is an 
a n a l y t i c  func t ion  on t h e  Complex n+2 dimensional domain 
given by t 8 [r*, tf*], -f 6 CT*, t f* l ,  
1 7 1 -9 1 ( 7 )  1 +I 172 -92 (7 I+- +I qn-qn (7 1 < p 

( i v )  f o r  each t E [ T * ,  tf*], 

Let now, i n  t h e  func t ions  Yl ( t ,T ,q l  ,..., q n )  ,..., 
Yn(t ,T ,q l , .  . . ,qn)  of  Theorem 1, t h e  " i n i t i a l  values ' '  
q1 , . . . , q n  be d iv ided  i n t o  two groups: 
qm+l, . . . ,qm+k, where m+k=n. We s h a l l  r e f e r  to the va lues  

a s  t he  s t a t e  parameters a t  r and shal.1 r e f e r  to 7 7 1 9  - e 9Tm 

q l , . . . , q m ,  and 

- -  
a s  t h e  c o n t r o l  parameters a t  7 .  

Ke new f 'orm t he  composite h n c t i o n s  
Tm+lJ=**Jqm+k - -  

Define t h e  Jacobian J t o  be 
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The va lue  of J obtained by s e t t i n g  t=tf*, T=T*, and 
qi=qi* i s  tha , t  va,lue of  J#O r equ i r ed  
by proper ty  ( v )  of t h e  d e f i n i t i o n  of a P . R . A . N . C .  s o l u t i o n .  

for each i=1,2,  ... n 

B. STATEMENT AND SOLUTION OF A BOUNDARY-VALUE PROBLEM 

We now formulate  the b a s i c  problem of i n t e r e s t  i n  t h i s  
paper .  Given va lues  f o r  the  s t a t e  parameters ,  t o  determine, 
a.s func t ions  of t hese  va lues ,  t he  c o n t r o l  parameters and 
f ina .1  t i m e  such t h a t  the  cond i t ions  

F j ( t , y l  ,..., yn)  = 0; j=1 ,2  ,..., k+l ( c f .  2 . 1 )  

a r e  met a t  t h e  f i n a l  time on the  r e s u l t a n t  s o l u t i o n .  The 
way i n  which  t h i s  problem i s  s o l v a b l e  and t h e  n a t u r e  o f  i t s  
s o l u t i o n  i s  cha rac t e r i zed  by t h e  fo l lowing  fundamental 
theorem. 

Theorem 2 :  Suppose t h a t  t he  s e t  of f u n c t i o n s  ( p i ( t ) ,  

i=1 ,2 ,  ..., n, c o n s t i t u t e s  a p r o p e r ,  r e a l ,  a n a l y t i c ,  non- 
s i n g u l a r ,  c o n t r o l l a b l e  s o l u t i o n  of (2 .2 )  on the  i n t e r v a l  
[ T * ,  tf*]. Consider t h e  system of equat ions  

( 2 . 5 )  
F j*( t ,T ,q1 ,  - - * Y T J ~ , T ) ~ + ~ J  . ~ r ) m + k )  = 0; j=1,2, - >k+1 

i n  which the func t ions  
These equat ions i m p l i c i t l y  d e f i n e  a s e t  of func t ions  

Fj* a r e  those  p rev ious ly  de f ined .  

for values  of ( ~ , q ~ , . . . , q ~ )  neighboring ( T * , ? ~ * ,  . . . , q m  * )  
such t h a t  
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f o r  each j=1,2,  ..., k + l  
( ~ , q l , . .  . ,qm) neighboring ( i . e .  , s u f f i c i e n t l y  c l o s e  to) 

and f o r  - a l l  complex arguments 

( ~ * , q ~ + , . . . , q ~ * ) .  The func t ions  (2 .6 )  a r e  a n a l y t i c  and 
unique neighboring (~*,q1*, . . . ,qm*). 

D e f i n i t i o n :  The func t ions  , 8 r ( ~ J q 1 J . . . J q m )  a r e  c a l l e d  
the c o n t r o l  laws  and 
t i m e  ( o r  t i m e  o f  c u t o f f ) .  

t f ( T , r l i , .  . . ,qm) i s  c a l l e d  the f i n a l  

Remarks: All e s s e n t i a l  t heo ry  i s  contained i n  
Theorem 2. This  theorem tells us t h a t  nea r  a P . R . A . N . C .  
s o l u t i o n ,  t h e  guidance problem i s  uniquely  so lvab le  and 
t h a t  t h e  c o n t r o l  l a w s  a r e  indeed a n a l y t i c  func t ions  of the 
s t a t e  parameters .  This  being the  case ,  these  laws have 
unique, convergent T a y l o r ' s  s e r i e s  i n  t h e i r  arguments, 
whenever t h e s e  arguments neighbor those  on t h e  P . R . A . N . C .  
s o l u t i o n .  

The next  s e c t i o n  i s  devoted to a numerical  method f o r  
c a l c u l a t i n g  t h i s  s e r i e s .  Henceforth, i t  i s  assumed t h a t  
t h e r e  has been determined numerical ly  a P . R . A . N . C .  s o l u t i o n  
of (2 .2 ) ,  and t h i s  s o l u t i o n  w i l l  be denoted, a s  i n  t h i s  
s e c t i o n ,  by V i ( t )  f o r  i = l Y 2 , . . . , n  and t e [T* ,  tf*]. A l l  
f u n c t i o n s  and equat ions  of t h i s  s e c t i o n  w i l l  be used i n  
the i r  a l r e a d y  e s t a b l i s h e d  context .  However, f o r  b r e v i t y ,  
t h e  numer ica l ly  known P . R . A . N . C .  s o l u t i o n  w i l l  be r e f e r r e d  
to simply a s  a " r e fe rence  t r a j e c t o r y . "  

SECTION 111: 
TKE NUMERICAL GENERATION OF THE TAYLOR'S SERIES 

FOR THE CONTROL LAWS NEIGHBORING A REFERENCE TRAJECTORY 

A .  INTRODUCTION: 

Given tha. t  one proper ,  real ,  a n a l y t i c ,  non-singular ,  
con t ro l l a ,b l e  s o l u t i o n  of (2 .2)  i s  known numerically*, and 
t h i s  s o l u t i o n  i s  hencefor th  r e f e r r e d  to a s  t h e  r e fe rence  
t r a . j e c t o r y  and denoted by the s e t  q i ( t ) ,  . . .,cpn(t) on 
[T*, tf*], t h e  c o n t r o l  laws p r ( q l , .  . . ,qm), r=1,2, .  . . ,k  

*The numerical  determinat ion of such  a s o l u t i o n  on a d i g i t a l  
computer could be accomplished, f o r  example, by t h e  numerical  
i n t e g r a t i o n  of ( s )  from some s e t  of i n i t i a l  va lues  and 
subsequent i t e r a t i o n s  on the i n i t i a l  values  u n t i l  t h e  condi- 
t i o n s  F j ( t , Y l , . . . , y n )  = 0, j=1,2,  ..., k+l a r e  s imul taneous ly  
s a t i s f i e d .  



and t h e  f i n a l  t ime t f ( r ) l ,  ...,%) can be expanded i n  a 
Taylor  s s e r i e s  i n  s e v e r a l  v a r i a b l e s  about t h e  "known" 

t f ( + , q l *  ,..., 'q * )  = tf*. 
determinat ion OF t h e  p a r t i a l  d e r i v a t i v e s  of t h e  f u n c t i o n s  
p p ( T , r J i > .  ..,%), r=1,2 ,... , k  and ff,(T,r)l ,  ..., r)m) w i t h  
r e s p e c t  t o  t h e i r  arguments, a t  (?,r)l, .  . . ,r);). The va lues  
o f  t h e s e  p a r t i a l s  a r e  d e t e r m z e d  even though t h e  func t ions  
themselves  a r e  def ined  o n l y . i m p l i c i t l y .  From Sec t ion  I1 
i t  i s  known t h a t  a l l  p a r t i a l s  e x i s t  and t h a t  t h e  T a y l o r ' s  
s e r i e s  i s  convergent,  f o r  one of t h e  conclusions o f  
Theorem 2 i s ,  i n  f a c t ,  t h a t  t h e  c o n t r o l  laws and t h e  f i n a l  
t ime a r e  a n a l y t i c  a t  and near  (7*,rj1*, . . . ,qm*). 

e n t i r e  procedure.  C lea r ly ,  one of t h e s e  must be t h e  i m p l i c i t l y  
d e f i n i n g  r e l a t i o n s  f o p  t h e  func t ions  t o  be expanded. These 
a r e  given by (2.7), repea ted  here  for convenience.  

s o l u t i o n s  p r ( 7 - x , ~ 1 * , .  . . , r ~ m * )  = Tm+p*, r = 1 , 2 , .  . . , k ,  
T h e - s e r i e s  i s  obta ined  by t h e  

Three fundamental i d e n t i t i e s  w i l l  form t h e  b a s i s  f o r  t h e  

f o r  each. j=1 ,2 , .  . . , k+ l .  

Reca l l  th.at  t h e  func t ions  F.* were def ined  by J 

f o r  each. j=1 ,2 , .  . . , k+ l  . 
Recal l  t h a t  th.e f u n c t i o n s  Yi-( t , ~ , r ) 1 , .  . . , r)m,%+l, .  . . , T ) ~ + ~ ) ,  

i = l , 2 , .  . . ,n 
uniquely  def ined and a n a l y t i c  func t ions  f o r  arguments 

a r e  def ined  by Theorem 1 o f  Sec t ion  I1 and a r e  



I -  

t 

( t , T , q l ~ . . . ~ q n )  such t h a t  t E: [ T * J  tf*], 7 8 [T*, tf*] and 

I ~ I - Q ( T ) I + I Q - & T )  I +  . . . +Iqn - ( p n ( 7 )  I < p .  
a s  func t ions  of t, t h e s e  s o l u t i o n s  of ( 2 . 2 )  can be cont inued 
to some va lues  of t > tf*, because o f  a n a l y t i c i t y  a t  tf*. 

It i s  c l e a r  t h a t  

The second fundamental i d e n t i t y  i s  t h a t  one which 
c h a r a c t e r i z e s  t h e  parameters  ( T , ? ~ , .  . . ,qn) as being " i n i t i a l  
va lues . "  This i s  g iven  i n  Theorem 1 of t h e  previous s e c t i o n ,  
and i s  repea ted  here  f o r  convenience. 

Y ~ ( T , T , ~ ~  ,..., qh) = qi,  i = 1 , 2  ,..., n. ( 3 . 3 )  

Again, this i d e n t i t y  can be d i f f e r e n t i a t e d  throughout  an 
unl imi ted  number of t imes because t h e  l e f t -hand  s i d e ,  being 
g iven  by the composition of the  a n a l y t i c  func t ions  
Y i ( t , T , ? l , . . . , q n )  wi th  t h e  a n a l y t i c  func t ion  t 3 ,  i s  aga in  
a n a l y t i c  nea r  (T*,T*,ql*, . . . ,qn*). 
t h e  two s i d e s  of (3.3) can be equated i s  a consequence of 
having e q u a l i t y  of t h e  a n a l y t i c  func t ions  Yi(T,T,q1, . . . ,??n) 
and qi no t  j u s t  a t  ( T * , T * , ~ ~ * ,  . . . ,qn*) ,  but  for a l l  

T 8 [e, tf*] and a l l  complex (ql,. . . , qn )  s a t i s f y i n g  

I q l - r ~ 1 ( ~ ) 1 +  * * e  +lqn-Tn(T)l  < 

That t h e  d e r i v a t i v e s  of 

The t h i r d  i d e n t i t y  i s  t h a t  which t h e  func t ions  
Yi ( t ,T ,q l , .  . . , qn )  must s a t i s fy  i n  o rde r  t o  be s o l u t i o n s  of 
( 2 . 2 ) .  . T h i s  i d e n t i t y ,  given here  for convenience,  i s  s t a t e d  
fo l lowing  Theorem 1 of t h e  previous s e c t i o n  by ( 2 . 4 ) .  

(3 .4)  

for each i = 1 , 2 , .  . . , n .  



Summarizing, each of t h e  t h r e e  i d e n t i t i e s  ( 3 . l ) ,  (3 .3) ,  
and (3 .4 )  c o n s i s t  of a n a l y t i c  func t ions  neighboring t h e  
cond i t ions  T=T*, qi=qi*, i=1 ,2 ,  ..., n,  and t B [ T * ,  tf*]. 
Other i d e n t i t i e s  a r e  ob ta inab le  from these  by un l imi t ed  
d i f f e r e n t i a t i o n s .  

B. DESCRIPTION OF THE METHOD 

Reca l l  t h a t  t h e  p a r t i a l  d e r i v a t i v e s  which are  needed to 
eva lua te  the  c o e f f i c i e n t s  f o r  the  f i r s t  o r d e r  terms of t h e  
d e s i r e d  T a y l o r ' s  se r ies  of t he  c o n t r o l  laws and f i n a l  time are  

f o r  

w i t h  

This  
i s  
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,..., qm*) for r=1,2 ,..., k a &  - b*,q1* a 7  

a t f  

3 q j  
- ( T * , q l * ,  . . .,%*) f o r  j=1 ,2 , .  . . ,m 

and 

and 

Bearing t h i s  i n  mind, d i f f e r e n t i a t e  bo th  s i d e s  of (3.1) 
r e spec t  to q A  f o r  a r b i t r a r y  bu t  f i x e d  1 - < R - < m. 
r equ i r e s  t h e  cha in  r u l e  and equat ion  ( 3 . 2 ) .  The r e s u l t  

, 



l -  

Severa l  comments need t o  be made concerning t h e  above 
i d e n t i t y .  F i r s t  of a l l ,  f o r  purposes of subsequent d i f f e r -  
e n t i a t i o n s ,  it i s  e s s e n t i a l  to note  c a r e f u l l y  t h e  arguments 
a s s o c i a t e d  w i t h  each o f  t h e  p a r t i a l s  appearing i n  (3 .5) .  The 
r e a d e r  who I s  i n  doubt concerning t h i s  m a t t e r  i s  r e f e r r e d  t o  
P a r t  C o f  Sec t ion  I. 

Secondly, note  t h a t  (3 .5)  i s  v a l i d  f o r  each 

I 

which i s  v a l i d  for each 1 < j < k+l .  - - 

L e t  now, i n  (3.5) and (3.6) ,  the va lues  t=tf*, T=T*, 

Ti=%* f o r  i=1 ,2 , . . . ,m be s u b s t i t u t e d  f o r  t h e  arguments of 
t h e  involved p a r t i a l s .  Then, and t h i s  i s  t h e  ke rne l  o f  
t h e  e n t i r e  formulation, equat ions (3.5) and (3 .6)  v : i l l  y i e l d ,  
i n  a manner to be descr ibed ,  l i n e a r  systems which determine 
p r e c i s e l y  the numerical  values of those  f irst  o rde r  p a r t i a l  
d e r i v a t i v e s  necessary  f o r  the  de te rmina t ion  of t h e  c o e f f i -  
c i e n t s  i n  t h e  T a y l o r ' s  expansion of the c o n t r o l  laws, as 
descr ibed  i n  P a r t  A of Sec t ion  111. To s e e  how t h i s  i s  s o ,  
cons ide r  equat ion  (3.5) f o r  R = l .  As j runs from 1 t o  k+l ,  

t h e r e  r e s u l t s  a se t  of k+l  equat ions involv ing  t h e  d e s i r e d  
- unknown p a r t i a l  d e r i v a t i v e s  
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T h i s  c o n s t i t u t e s  a system of k+ l  l i n e a r  equat ions  i n  k+l 
unknowns. The de te rmina t ion  of the s o l u t i o n  of  t h i s  system 
i s  cont ingent  upon t h e  a v a i l a b i l i t y  of numerical values  f o r  
a l l  o t h e r  q u a n t i t i e s  appearing i n  t h e  equat ions  and upon 
the  nonvanishing of the Jacobian,  J ,  of the  system. S a t i s -  
f a c t i o n  of the l a t t e r  condi t ion  i s  i m p l i c i t  i n  the d e f i n i t i o n  
of a re fe rence  t r a j e c t o r y ,  but  i t  i s  i n  f a c t  t h e  case t h a t  
the  o t h e r  numerical values  of t h e  former cond i t ion  a r e  no t  
a t  t h i s  poin t  ava i lab le .  The remaining p a r t s  of Sec t ion  I11 
w i l l  be devoted to t h e  d e s c r i p t i o n  o f  a technique f o r  
ob ta in ing  these  va lues .  

S imi l a r  s ta tements  a r e  a p p l i c a b l e  to (3 .5)  as R assumes 
each of the remaining va lues  2,  3, ..., m. Also ,  ( 3 .6 )  y i e l d s  
a system of k+l equat ions  l i n e a r  i n  t h e  kt-1 unknowns 

Summarizing, w e  have seen  t h a t  d i f f e r e n t i a t i o n  of (3 .1)  
y i e l d s  a non-singular  l i n e a r  system whose s o l u t i o n s  f u r n i s h  
"f i rs t  order"  numerical  va lues  des i r ed  f o r  t h e  gene ra t ion  
of t he  T a y l o r ' s  se r ies  f o r  t he  c o n t r o l  laws and f i n a l  t i m e .  
The s o l u t i o n  can be e f f e c t e d  once the  numerical  va lues  of 
a l l  o t h e r  q u a n t i t i e s  appearing i n  the  system are known. 

Before going t o  P a r t  C and the  de termina t ion  of t h e  
numerical  values of t he  o t h e r  q u a n t i t i e s  appearing i n  t h e  
va r ious  l i n e a r  systems, cons ide r  the systems obta ined  by 
subsequent d i f f e r e n t i a t i o n s  of (3 .1) .  These c l e a r l y  involve  
second and h igher  o r d e r  p a r t i a l  d e r i v a t i v e s  of t h e  c o n t r o l  
laws and f i n a l  t ime, bo th  pure and mixed. Upon performing 
one such ( a r b i t r a r y )  d i f f e r e n t i a t i o n ,  i t  becomes more o r  

s i n g u l a r  l i n e a r  systems, t h e  s o l u t i o n s  of which y i e l d ,  
assuming the  a v a i l a b i l i t y  (once aga in )  of numerical  va lues  
f o r  a l l  o t h e r  p a r t i a l s  appearing i n  t he  systems, a l l  numeri- 
c a l  va lues  o f  the  p a r t i a l  d e r i v a t i v e s  necessa ry  f o r  the 
g e n e r a t i o n  of t h e  T a y l o r ' s  s e r i e s  for t h e  c o n t r o l  laws and 
f i n a l  t i m e .  

a ren t  t h a t  t h e  t o t a l i t y  of p o s s i b l e  d i f f e r e n t i a t i o n s  
wi th  r e s p e c t  to the involved arguments y i e l d s  non- - 
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. 

The equat ions r e s u l t i n g  f rom h igher  o rde r  d i f f e r e n t i a t i o n s  
of (3.5) and (3.6) a r e  r a t h e r  lengthy,  bu t  neve r the l e s s  
s t r a i g h t f o r w a r d .  For example, Suppose i t  is  d e s i r e d  to 
d i f f e r e n t i a t e  (3.5) with respec t  to q S .  The very f irst  f a c t o r  
appearing i n  (3.5) i s  

aFj - 
a t  ' 

which, according to t h e  chain r u l e ,  has f o r  i t s  arguments 
e x a c t l y  those  o f  t h e  l e f t  s ide  of (3.1).  T h i s  means t h a t  
d i f f e r e n t i a t i o n  o f  

aFj 

a t  
- 

r e s u l t s  i n  an express ion  of the l eng th  of t ha t  of (3.5) 
i t s e l f .  I n  f a c t ,  

S i m i l a r  d i f f e r e n t i a t i o n s  a r e  involved. f'cr t h e  other 
terms of  (3.5). 
t h i s  t ime i n  the  unknown second p a r t i a l s .  The Jacobian  o f  
t h i s  system i s ,  a s  i n  every case, t h e  same Jacobian J # 0 
de f ined  i n  Sec t ion  I1 i n  connection w i t h  non- s ingu la r i ty  
o f  t h e  r e fe rence  t r a j e c t o r y .  It i s  c l e a r  t h a t  c e r t a i n  o t h e r  
second o rde r  p a r t i a l s  must be known numerical ly  before  
s o l u t i o n  f o r  t h e  d e s i r e d  par t ia ls  can be e f f e c t e d ,  j u s t  a s  
i n  t h e  case of  the  f i r s t  p a r t i a l s .  And a s  more and more 
d i f f e r e n t i a t i o n s  o f  (3.1) a r e  c a r r i e d  out, t h e  s o l u t i o n  of  
t h e  l i n e a r  systems f o r  h igher  and h igher  o r d e r  d e s i r e d  
p a r t i a l s  w i l l  r e q u i r e  p r i o r  determinat ion of numerical  
va lues  f o r  o t h e r  p a r t i a l s  appearing i n  t h e  i d e n t i t i e s  o f  
i n c r e a s i n g l y  h ighe r  order .  

But t h e  r e s u l t  i s  aga in  a l i n e a r  system, 

C. 

We now t u r n  t o  t h i s  determinat ion.  

THE NUMERICAL DETERMINATION OF PARTIAL DERIVATIVES NEEDED 
FOR THE SOLUTION OF THE LINEAR SYSTEMS OF B 

Let  us f i r s t  decide what numerical va lues  a r e  needed i n  
o rde r  to s e t  up any of the l i n e a r  systems i n  B. Since every  
l i n e a r  system r e s u l t s  from d i f f e r e n t i a t i o n  of ( 3 . l ) ,  which 
i n  t u r n  i s  dependent upon (3 .2 )  f o r  i t s  d e f i n i t i o n ,  examination 
of  t hese  two i d e n t i t i e s  should y i e l d  t h e  d e s i r e d  informat ion .  
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For purposes of the present discussion and for the sake 
o f  brevity, let all of the arguments appearing in (3.1) 
(these are T , ~ I , .  . . ,qm) be denoted by the vector a ,  where 

Let the functions p , ( a ) ,  p , (a) , .  . .,Pk(a) (the control laws) 
be combined into the single vector function p ( a )  with 
component functions ( p l ( a ) ,  ...,pk( a ) ) .  Finally, combine 
the functions Y1, ..., Yn into the single n-dimensional 
vector Y. With this new notation, combine (3.1) and (3.2) 
to obtain 

a = (ao,al,...,am) with a0 = 7 ,  ai = qi, i=1,2 ,..., m. 

I 

Fjkr(a),Y (tf (3.7) 
= 0, j = l , 2 , .  . . ,k+l . 

, 

In this new notation, (3.5) and (3.6) differ only in 
the index of the argument with respect to which differenti- 

them in the new notation. 
, ation is being carried out. For convenience, we rewrite 

for each j=1,2, ..., k+l. 
Since this system is t o  be solved f o r  the terms 

, r=l,2 ,..., k, the quantities to be determined are a t f  a P r  -- 
aa,’ aa, 

Differentiation of (3.8) with respect to a s  will yield a 

linear system to be solved for , r=1,2,. . . , k+l. 
Without writing out the entire formula, we observe that upon 
application of the chain rule, there results an identity 
involving 

a z t f  a2pr 
aasaa,3 aasaa, 

1 



a ‘Yp a 2Yp 
J , along w i t h  f i r s t  p a r t i a l s  which can be 

assumed known f r o m  the s o l u t i o n  of (3.8).  

It i s  c l e a r  t h a t  t h i s  l i s t  inc ludes  every p o s s i b l e  
second p a r t i a l  of F j  w i t h  r e spec t  to combinations of t he  
arguments ( t , y l y . . . J y n )  and eve ry  p o s s i b l e  second p a r t i a l  
o f  t he  Yp w i t h  r e s p e c t  to combinations o f  t he  arguments 

( t , a o , .  . . , am,T)m+l,...yqm+k). 
a l l  h ighe r  o r d e r  systems; i t  i s  i n  every  case  necessary  to 
o b t a i n  numerical  va lues  f o r  a l l  p a r t i a l  d e r i v a t i v e s  of t h e  
F j  and Yp of  a given o rde r .  

A s imi l a r  s ta tement  holds  f o r  

The eas ies t  and most d i r e c t l y  ob ta inab le  of  t h e s e  are  
For i t  i s  assumed t h a t  the equat ions  j *  t h e  partials of t h e  F 

F J ( t , y l ,  . . . , yn )  = 0, j=lJ2,.,.Jk+l 
( i n  the  guidance problem e i the r  a s  given mission c r i t e r i a  
or as der ived  t r a n s v e r s a l i t y  c o n d i t i o n s ) .  Therefore ,  these 
expres s ions  can be d i f f e r e n t i a t e d  to o b t a i n  e x p l i c i t  expres-  
s i o n s  for t h e i r  p a r t i a l s .  These are then eva lua ted  f o r  

are  e x p l i c i t l y  known 

t=tf*, a0=7*, a i=qi* ,  i = l , 2 , .  . . , m ,  r)m+p=qm+y*j r=l, 2 , .  . . ,k .  

T h i s  amounts to i n s e r t i o n  of t h e  va lues  of ~ ~ , . . . ~ y ~  a t  t he  

end po in t  of t h e  re ference  t r a j e c t o r y ,  which i s  numer ica l ly  
known. 
nume r i  c a l  l y  . 

I n  t h i s  way, all p a r t i a l s  of the F j  can be obta ined  

The de te rmina t ion  of the  p a r t i a l s  o f  t he  Yp i s  more 
involved because the  func t ions  Yp a r e  no t  a v a i l a b l e .  
d e s c r i p t i o n  of t h e  method f o r  determining the  p a r t i a l s  w i l l  
c o n s i s t  o f  a complete and d e t a i l e d  t r ea tmen t  of a l l  involved 

The 
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first and second o rde r  p a r t i a l s ,  fol lowed by appropr i a t e  
comments concerning the gene ra l  case.  The g e n e r a l  o r d e r  

reasons :  f i r s t ,  t h e  g e n e r a l i z a t i o n  of t he  procedure i s  
r e l a t i v e l y  s t r a igh t fo rward ,  and secondly,  t h e  n o t a t i o n  and 
l e n g t h  of formulas f o r  h ighe r  o rde r  cases  a r e  somewhat 
problemat ic ,  

- and type of p a r t i a l  i s  not  t r e a t e d  i n  d e t a i l  f o r  two 

The func t ions  Yp, by v i r t u e  of be ing  s o l u t i o n s  of 
( s ) ,  must s a t i s f y  (3 .4) .  
l e t  (3 .4)  be d i f f e r e n t i a t e d  throughout w i t h  r e s p e c t  t o  q 
Then subsequent s u b s t i t u t i o n  of t h e  v a l u e s ,  T = T*, 

ql=ql*, ..., Vn=Tn* r e s u l t s  i n  an  equa t ion  involv ing  only  
t ime. T h i s  equat ion  is ,  i n  f a c t ,  

-(?) - - 2 -- a f i  3% 

Revert ing t o  the  o r i g i n a l  n o t a t i o n ,  

j* 

d 
, i, j = 1 , 2 , .  . . , n  . (3 .9 )  

d t  bqj u = i  byu aq3 

A s imilar  equat ion  r e s u l t s  from d i f f e r e n t i a t i o n  w i t h  

r e s p e c t  t o  r :  

, i=1 ,2 , .  . . , n .  
d cfi - 2 -- a f t  ayu 

- - . - -  
d t  u = i  ayu a 7  

Equation (3 .9)  f o r  every  i , j = 1 , 2 ,  ..., n and equat ion  
(3.10) for every  i=1,2,  ..., n can be combined i n t o  a 
s i n g l e  matrix equat ion  as fo l lows .  Let  F be the  n x n  

matrix with - a s  the ( i , j )  e n t r y ;  i . e . ,  
bf i 

a Y j  

I 
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(3.11) F =  

... - 
ay1 3 Y 2  aYn 

af ,  ar, 3f2 

a Y 1  a Y 2  ayn 
- .. . - -  

. 

3fn  a f n  a f n  

a Y l  aY* 
- ... - - 

I .  

I 

a f i  - can be obtained by d i r e c t  d i f f e r e n t i a t i o n  of t h e  r i g h t  
a Y  j 

hmc? sides or^ ( s j  and t h e  arguments ( y l ,  . . . , y n , t )  a r e  given 
by va lues  a long t h e  re ference ;  i . e . ,  by t h e  numerical ly  known 
func t ions  q l ( t ) ,  . . . , q n (  t). 

Let Y be t h e  n x  (n- t l )  matr ix  

Y =  (3.12) 
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Again, each  element of Y i s  cons idered  as a f u n c t i o n  o f  
t i m e  on ly .  By d i r e c t  comparison, we s e e  t h a t  ( 3 . 9 )  and 
(3 .10)  are equ iva len t  to t h e  s i n g l e  matrix equa t ion  

(3.13) Y = F Y ,  

Since  F i s  numer ica l ly  known, s o l u t i o n s  to (3.13) can 
be genera ted  by d i r e c t  numerical  i n t e g r a t i o n  once i n i t i a l  
va lues  are known. But t he  va lue  of Y a t  t=T* i s  i n  f a c t  
known i n  t h e  fo l lowing  way. 

By d i f f e r e n t i a t i o n  of (3 .3)  wi th  r e s p e c t  to qj, w e  
s e e  t h a t  

t he  Kronecker d e l t a .  By d i f f e r e n t i a t i n g  w i t h  r e s p e c t  to 
T ,  w e  have that  a t  t = T ,  

(3.15) 

a Y i  

a t  But - - - f i  from ( s ) ,  unders tanding  tha t  t h e  va lues  

t=7X,q1=ql*, . . .,qn=qn* a.re used.  Thus a t  t=+, 

Y =  

/ > 

1 0 0 ... 0 - f 1  

0 1 0 ... 0 -f2 

0 0 0 ... 1 -fn 
d c 

Hence, numerical  i n t e g r a t i o n  o f  (3.13) us ing  the  i n i t i a l  
t=tf*, numerical  va lue  a t  T* given by (3.16) ,  w i l l  y i e l d ,  a t  

va lues  f o r  a l l  needed f i r s t  p a r t i a l s  of the Yp except  t he  
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t e rm - . T h i s ,  however, is  s imply given (from ( s ) )  by 

the value of f a t  yl=cpI(tf*), . . . ,yn=cpn(tf*), t=tf*. T h i s  
t hen  y i e l d s ,  v i a .  the  s o l u t i o n  of  ( 3 . 8 ) ,  - a l l  f i r s t  p a r t i a l s  
necessary  f o r  the genera t ion  o f  t he  l i n e a r  terms of the  
T a y l o r ' s  s e r i e s  f o r  t h e  con t ro l  laws and f i n a l  t ime. 

a t  
P 

We now desc r ibe  an analogous procedure f o r  gene ra t ing  
second o rde r  terms. The reader  i s  reminded tha t  the second 
o r d e r  p a r t i a l s  whose values  p r e s e n t l y  a r e  o f  i n t e r e s t  a r e  
a l l  second p a r t i a l s  of t he  Yp w i t h  r e s p e c t  t o  p a i r s  of 
arguments i n  ( ~ , q 1 ,  . . . , q n ) .  An equat ion  analogous to (3 .9 )  
and (3 .10)  ( o r  (3.13)) f o r  the second p a r t i a l s  can be obtained 
by d i f f e r e n t i a t i o n  of  (3 .9)  and/or (3 .10)  p r i o r  to s u b s t i -  
t u t i o n  of the arguments r=T*,ql=ql*, . . . ,qn=T)n*, fol lowed 
by t h e s e  same s u b s t i t u t i o n s .  Thus, f o r  example, d i f f e r e n -  
t i a t i o n  of (3.9) w i t h  r e spec t  to q i  y i e l d s  

By d i f f e r e n t i a t i o n s  of (3.9) and (3 .10)  with r e s p e c t  to T ,  

s i m i l a r  express ions  can be obtained f o r  

We t r e a t  (3.17) a s  r e p r e s e n t a t i v e  of a l l  t h r e e  cases .  

Assuming t h a t  t h e  f irst  order  a n a l y s i s  has a l r e a d y  
been c a r r i e d  out ,  i . e . ,  assuming t h a t  (3 .9)  and (3.10) 
(or (3.13)) have been numerical ly  i n t e g r a t e d ,  a l l  express ions  
on t h e  r i g h t  s i d e  of (3.17) a r e  numer ica l ly  known func t ions  
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mu 
of t ime, w i t h  t h e  except ion  of , which is ,  a f t e r  all, 

a q i a q  j 

a2ri 
a Y s  Yu 

t h e  s o u g h t - a f t e r  q u a n t i t y .  For, , cons idered  as a 

f u n c t i o n  of the  arguments ( y 1 , y ~ ,  . . . , y n , t ) ,  can be found 
by d i r e c t  d i f f e r e n t i a t i o n  of t h e  r i g h t  s i d e  o f .  ( s ) ,  and the 
arguments y1 ,y2,. . . ,yn are ,  as i n  the i n t e g r a t i o n  of (3.13), 

g iven  by yl=cpl( t ) ,  ...,yn=cpn( t). The terms - (nd z) 
aq j 

a r e  numerical ly  known, i f  t h e  i n t e r m e d i a t e  va lues  of the 
matrix Y i n  (3.13) a r e  s t o r e d  a t  each s t e p  of t he  numerical  

i n t e g r a t i o n  of (3.13). And f i n a l l y ,  - has a l r e a d y  been 

t r e a t e d  i n  the F ma t r ix  of (3.13). It i s  c l e a r  t h a t  s i m i l a r  

s t a t emen t s  apply to t he  systems f o r  2 (a'yi ') and - d ( " Y j j .  - 
d t  aTaqj  d t  372 

Hence, j u s t  as i n  t h e  case  of (3 .9)  and (3 .10)  ( o r  e q u i v a l e n t l y ,  
(3.13)),  equat ion  (3.17),  f o r  each i, j, R = 1,2,. . . , n ,  can be 
numer ica l ly  i n t e g r a t e d  from 

va lues  of a 2yi (and 

arguments t = t f * , ~ = ~ * , q l = q l * , . , . , q n = q ~ * ,  once i n i t i a l  va lues  
( a t  t=*) a re  known. These i n i t i a l  va lues  a re  of three k inds :  

, (ii) i n i t i a l  ( i )  i n i t i a l  va lues  of p a r t i a l s  of  the  form 

va lues  of par t i a l s  of  the form and (iii) i n i t i a l  va lues  

a f i  

a Y u  

t = T *  to t=tf* t o  y i e l d  numerical  

a'yi a 'Y i  
and -) corresponding to t he  

a7aqj  a +  ' q k a q  j 

a 'Yi  
h a V j  a 2 Y i  

' J  

. We t r e a t  them i n  t h i s  o r d e r .  
a 'Yi  of p a r t i a l s  of t h e  form - a 7 2  

I Clear ly ,  by (3.14), a l l  p a r t i a l s  of the  f i r s t  type ,  
a t  t = T ,  are zero .  For  p a r t l a l s  of t he  second type ,  we r e f e r  
to (3.15). According to (3.15) and (s), 



f o r  each i = 1 , 2 , .  . . ,n .  In  consequence, we have 

T h i s  equa t ion  f u r n i s h e s  the i n i t i a l  va lues  f o r  t h e  second 
type of p a r t i a l s .  

For the  t h i r d  type,  we use (3.15) aga in .  It w i l l  be 
c l e a r e r ,  however, t o  r e w r i t e  (3.15) e x h i b i t i n g  a l l  involved 
arguments. 

Using t h e  chain r u l e  t o  d i f f e r e n t i a t e  once aga in  w i t h  
r e s p e c t  t o  T ,  

which g ives  

where the arguments under cons idera t ion  are ( T ,  T ,  q l y .  . . , qn) . 
only i f  

a 2 Y i  
Now (3.20) w i l l  y i e l d  t h e  numerical  value f o r  - 

a T 2  

a 2 Y i  a 2 Y i  
& T a t  a t2'  

values  a r e  known f o r  - and f o r  - These a r e  obtained 

f r o m  (3 .4) :  
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Differentiation with respect to 7 yields 

(3.4) 

a2Yi 
The other term in (3.20) is - . Differentiation of (3.4) 

at' 
with respect t o  t yields 

(3.22) 
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Combining (3.21) and (3.22), 

( 3 . 2 3 )  

Equation (3.17) and the r e l a t e d  equat ions  can now be 
numer ica l ly  i n t e g r a t e d  from t=T* to t=tf*. A s  a r e s u l t ,  
a l l  needed second p a r t i a l s  a r e  numer ica l ly  known w i t h  t he  
except ion  of the  p a r t i a l s  of t he  form 

a2yi a2yi a 2Yi 

a t a q j  a t 2  
J -  and - a t  t = tf*. 

However, the f i r s t  two of these  are  given by the  a p p r o p r i a t e  
members of (3.13) a t  t=t * while t he  l a t t e r  i s  given by ar! 
express ion  s11.ch 2's (3.22f diTfer ing  only  i n s o f a r  as the  

arguments y l = ~ l ( t f * ) ,  . . . Y n = ~ n (  t ~ * ) ,  t=tf* rep lace  the  
arguments yl=ql , . . . ,yn=qn,  t=T. 

T h i s  t hen  y i e l d s  a l l  necessary informat ion  f o r  the  
de te rmina t ion  of t h e  second p a r t i a l s  necessary  f o r  the 
gene ra t ion  of t h e  quadra t i c  terms o f  the  T a y l o r ' s  s e r i e s  
for t h e  c o n t r o l  laws and f i n a l  t i m e .  

The g e n e r a l i z a t i o n  of the  procedure to a l l  o rde r s  and 
types  under cons ide ra t ion  s h o u l d  a t  t h i s  p o i n t  be f a i r l y  

c l e a r .  A l l  p a r t i a l s  of t h e  type 
apYi 

~ T P o ~ T ~ P ~  - .  .aqnPn 
J 

po + p1 + ... + Pn = p, a r e  obtained by numerical  i n t e g r a t i o n  
of  the  a p p r o p r i a t e  analogue of (3.13) o r  (3.17). 1 n i t i a . l  
va lues  for t he  i n t e g r a t i o n  fol low from extens ions  of the  
arguments presented  f o r  the  second o r d e r  a n a l y s i s .  When 

d e a l i n g  w i t h  a p a r t i a l  of the  type 3 

atqaTpoaqlP1.. .aqn Pn 

aP+qYi  
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one considers  f irst  t h e  r ight-hand s i d e  of t h e  d i f f e r e n t i a l  

equat ion  f o r  , i . -e . ,  t h e  analogue of (3.13) 

and -(3.17). Symbolical ly ,  t h i s  may be w r i t t e n  

a PYi 

a ~ P o a q ~ P 1 . .  .ar),Pn 

i s  a f u n c t i o n  of p a r t i a l s  of Yi of Gpopl *Pn i n  which 

o rde r s  less than  or equal  po. Then t h e  express ion  f o r  

a p+qy; 
I i s ' o b t a i n e d  by a p p l i c a t i o n  of t h e  

a t%Poar)1P1.. .ar),Pn 
chain r u l e  to e f f e c t  d i f f e r e n t i a t i o n  o f  
q t imes wi th  r e s p e c t  to t .  Upon completion of t h i s ,  t he  
arguments y l=cpl ( t f*) ,  . . . , y n q n (  t f*),  t=tf* a r e  used to 
o b t a i n  t h e  needed va lues .  A s  s t a t e d  previous ly ,  we w i l l  
no t  be any more e x p l i c i t  than t h i s  about t rea tment  o f  
h ighe r  order  terms s i n c e  t h e  method i s  r e l a t i v e l y  c l e a r  
and s i n c e  the  n o t a t i o n  f o r  t he  gene ra l  case i s  somewhat 
problematic.  

GpOp, *Pn 

D. EXTENSION TO CERTAIN DISCONTINUOUS REFERENCE TRAJECTORIES : 
THE PROBLEM OF STAGING 

I n  t h i s ,  t he  f i n a l  s e c t i o n ,  we cons ider  t h e  problem of 
d e f i n i n g  and gene ra t ing  the  c o n t r o l  laws and f i n a l  t ime 
neighboring a re ference  t r a j e c t o r y  r e s u l t i n g  from t h e  f l i g h t  
of a mul t i s tage  veh ic l e .  
concerried with a two s t a g e  conf igu ra t ion ;  g e n e r a l i z a t i o n  to 
more s t ages  i s  immediate. The r e s u l t  of t h e  i n t r o d u c t i o n  of 
a second s t age  i s  a s l i g h t  modi f ica t ion  of t h e  d e f i n i t i o n  of 
t h e  con t ro l  laws and f i n a l  t ime ( c f .  ( 2 . 6 ) ) .  Following a 
b r i e f  d i scuss ion  o f  t h e  na tu re  of t h e  problem of s t a g i n g ,  
t h e  boundary value problem of Sec t ion  I1 i s  a p p r o p r i a t e l y  
reformulated.  

The problem a c t u a l l y  t r e a t e d  w i l l  be 
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I n  formulat ing the s t ag ing  problem, w e  assume f i r s t  
t h a t  every s t a g e  .other than  the las t  s t a g e  te rmina tes  a t  
a s p e c i f i e d  t ime. Therefore,  i f  the v e h i c l e  c o n s i s t s  of 
n s t a g e s ,  we assume t h a t  t h e r e  i s  given a s e t  of n-1 va lues ,  
t ~ f , t ~ f , . . . , t n - ~ f ,  which a r e  t h e  t i m e s  of te rmina t ion  o f  the 
f i rs t  through the n minus first s t a g e s ,  r e spec t ive ly .*  I n  
some f l i g h t s ,  it i s  desired to i n s e r t  coas t ing  per iods  
between s t a g e s ,  or t o  i n t e r r u p t  one o r  more s t a g e s  to i n s e r t  
c o a s t s .  For many purposes,  a c o a s t  can be considered as a 
s t a g e  i n  which t h r u s t  and mass f l o w  rate a r e  zero.  

The form of  system ( s )  depends on t h e  veh ic l e  cons t ruc-  
t i o n ,  t he  f l i g h t  environment, and t h e  opt imiza t ion  ( c f .  P a r t  D, . For t h i s  reasoh, i t  may wel l  happen t h a t  t h e  
system (s  7 w i l l  change from one s t a g e  to another .  While such 
a s i t u a t i o n  d o e s n ' t  pose unsolvable  complications,  we w i l l  
n e v e r t h e l e s s  assume i n  t h i s  t reatment  t ha t  t h e  system ( s )  
i s  a p p l i c a b l e  t o  a l l  s t a g e s .  There i s  s t i l l  s u f f i c i e n t  
g e n e r a l i t y  to i l l u s t r a t e  t h e  a p p l i c a t i o n  of the methods o f  
t h e  l a s t  s e c t i o n  to s e v e r a l  s t ages ,  and a p p l i c a t i o n  of t h e  
methods to more gene ra l  s i t u a t i o n s  can be viewed as an 
ex tens ion  of t hese  procedures.  

Eecai i  t n a t  i n  P a r t  A of Sec t ion  11, fol lowing Theorem 
1, the i n i t i a l  values  ( a t  T )  were d iv ided  i n t o  two groups,  
t h e  s t a t e  parameters  and t h e  c o n t r o l  parameters .  Under t h e  
assumption t h a t  s t a g i n g  i s  t o  occur  a t  p r e s p e c i f i e d  t i m e s  
and o t h e r  assumptions concerning the v e h i c l e  and i t s  
environment,  i t  can be shown that the c o n t r o l  v a r i a b l e s  
(by which i s  meant those v a r i a b l e s  i n  ( s )  whose i n i t i a l  
va lues  have been designated con t ro l  parameters)  can be 
taken  a s  cont inuous ac ross  s t a g e  junc t ions .  T h i s  important  
r e s u l t  can be found i n  Reference 3. 

Consider now t h e  behavior  o f  the  s t a t e  v a r i a b l e s  a c r o s s  
s t a g e  junc t ions .  Some of these  a r e  n e c e s s a r i l y  cont inuous 
t h e r e ;  t h i s  i s  c l e a r l y  t r u e  of p o s i t i o n  and v e l o c i t y  coord i -  
n a t e s .  However, o t h e r  s ta te  v a r i a b l e s  can possess  d e t e r -  
minable jump d i s c o n t i n u i t i e s  a t  s t a g e  junc t ions .  For  example, 
i f  s e p a r a t i o n  occurs ,  t h e r e  r e s u l t s  a d i s c o n t i n u i t y  i n  mass. 

* These t imes u s u a l l y  correspond e s s e n t i a l l y  to f u e l  d e p l e t i o n  
i n  each of the lower s t a g e s .  
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Genera l ly  speaking, d i s c o n t i n u i t i e s  can be expected i n  
t h r u s t  magnitude and p r o p e l l a n t  flow ra te .  

At each s t a g e  junc t ion ,  t h e r e f o r e ,  i t  i s  assumed t h a t  
a l l  c o n t r o l  v a r i a b l e s  and some s t a t e  v a r i a b l e s  are  con t in -  
uous, while t he  remaining s t a t e  v a r i a b l e s  possess  jump 
d i s c o n t i n u i t i e s .  ~ For those  v a r i a b l e s  which are  continuous,  
the  i n i t i a :  m u e s  a f t e r  s t a g i n g  are  the  same as the  va lues  
a t  te rmina t ion  of t h e  previous s t a g e .  The d iscont inuous  
s t a t e  v a r i a b l e s  a r e  assumed t o  have s p e c i f i e d  i n i t i a l  va lues  
i n  each s t age .  T h i s  i s  because t h e i r  va lues  are dependent 
on the  veh ic l e  c o n s t r u c t i o n  ra ther  than  on the f l i g h t  pa th .  

va lue  problem of Sec t ion  I1 to correspond t o  a two s t a g e  
f l i g h t  of the  s o r t  j u s t  descr ibed .  It i s  assumed, as i n  
t ha t  sec t ion ,  t ha t  t h e r e  has been determined numer ica l ly  a 
r e fe rence  t r a j e c t o r y .  T h i s  r e fe rence ,  however, c o n s i s t s  of 
two s t a g e s .  Suppose tif denotes t he  i n s t a n t  of t e rmina t ion  
of t h e  f i r s t  s t a g e  of t h e  r e fe rence  (and, accord ing  t o  p r i o r  
d i scuss ion ,  t h e  i n s t a n t  of t e rmina t ion  of the  f i r s t  s t a g e  of 
eve ry  t r a j e c t o r y ) .  We can c e r t a i n l y  assume t h a t  7 < t lf  
f o r  otherwise t h e  problem reduces t o  t h a t  of one s t a g e  f l i g h t .  
From t h e  s e t  of s t a t e  v a r i a b l e s ,  y1,y2, . . . , ym (corresponding 
t o  the s t a t e  parameters,  q1,q2, .  . . ,qm) suppose y1,y2, .  . .yp,  
0 < p < m are continuous a c r o s s  s t a g e  j u n c t i o n s  (and t h i s  

suppos i t i on  i s  made f o r  every  t r a j e c t o r y ,  no t  j u s t  t h e  

r e f e r e n c e )  while ~ ~ + l , y ~ + ~ , . . . y ~  possess  jump d i s c o n t i n u i t i e s  
a t  t h e  s t a g e  junc t ion .  L e t  t h e  i n i t i a l  va lues  of t h e s e  s t a t e  
v a r i a b l e s  a t  the  beginning of t he  second s t a g e  be,  i n  every  

case,  'qp+l,qp+2,. . . ,qKL . Let t h e  func t ions  (Pi(t),V2(6), . . . , 
cpn(t), 7 - < t - < tf*, be the  numer ica l ly  known re fe rence  values .  

Bearing a l l  t h i s  i n  mind, w e  re formula te  t he  boundary 

- - 

(2) (2) (2) 

The d e f i n i t i o n  of a proper ,  r ea l ,  a n a l y t i c ,  non-singular ,  
c o n t r o l l a b l e  s o l u t i o n  i s  e s s e n t i a l l y  unchanged. The one 
modi f ica t ion  i s  i n  t he  d e f i n i t i o n  of the Jacobian  J of 
P a r t  ( v ) .  J u s t  as i n  S e c t i o n  11, the  func t ions  def ined  i n  
Theorem 1 w i l l  have to be  used i n  d e f i n i n g  J and, for t ha t  
ma t t e r ,  the  boundary problem i t s e l f .  
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I 

. 

I f  Theorem 1 is  appl ied  to t he  r e fe rence  t r a j e c t o r y  
(assuming t h e  r e fe rence  s a t i s f i e s  t h e  f i r s t  f o u r  p r o p e r t i e s  
of t h e  d e f i n i t i o n  o f  a P.R.A.N.C.  s o l u t i o n )  f o r  t h e  t - i n t e r v a l  
[ T ,  tif], one o b t a i n s  t h e  family Y i ( t , T , T j l , .  . . ,qn),  

i=1 ,2 ,  ..., n on [T, tif] which reduces t o  the r e fe rence  f o r  
qi=qi*,  i=1 ,2 ,  ..., n. Theorem 1 can aga in  be app l i ed  to t h e  
second s t age ,  y i e l d i n g  t h e  family Z i ( t , a y  C I , .  . . ,Cn), 
i=1 ,2 ,  ..., n on [tif,  tf*], which reduces to t h e  nominal 
f o r  appropr i a t e  i n i t i a l  values.  These i n i t i a l  va lues  a r e  
a = t l  and t h e  values  of y l , . . . , y n  on the r e fe rence  a t  
t h e  i n i t i a l  po in t  of t h e  second s t a g e  of the r e fe rence ,  a s  
opposed to t h e  f i n a l  po in t  of t h e  f i r s t  s t a g e .  According 
to t h e  foregoing d i scuss ion  o f  d i s c o n t i n u i t i e s  a t  t l f ,  t h e  
fo l lowing  i s  t r u e .  
at ( T =  t lf 
Y i ( t , T , T j l , .  . . , T j n )  a t  

f ’  

The i n i t i a l  va lues  f o r  
are r e l a t e d  $0 the t e rmina l  va lues  o f  

Z i  ( t ,  0, g I, . . . , Cn) 

t = t l f  i n  t h e  fo l lowing  manner: 

gi = q?); i=p+l ,p+2, .  . .,m (3 .24)  

, 7, q 1 , . . . , qn)  ; i = m + l ,  m+2, . . . , n 
I f  

T i  = Y i ( t  

Equat ions (3.24)  f u r n i s h  t h e  key to mul t i s t age  a n a l y s i s  
The f irst  and l a s t  l i n e s  s p e c i f y  c o n t i n u i t y  of c e r t a i n  o f  
t h e  s ta tes  and t h e  c o n t r o l s  a c r o s s  t h e  s t a g e  junc t ion ,  wnile  
t h e  middle l i n e  s p e c i f i e s  i n i t i a l  va lues  for the  d iscont inuous  
s t a t e s .  It is  agreed tha t  (3.24) i s  to hold f o r  a l l  t r a j e c -  
tories, and t h e r e f o r e  t h e  arguments 0 ,51 , .  . . , Tn of  t h e  Zi 
can be rep laced  by (3 .24) .  I n  t h i s  way, we de f ine  f u n c t i o n s  

z i ( t ,  7, 

- 

I 

J qn) by 
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i = 1, 2 , . . . , n  (3 .25)  

where, f o r  each Yi appearing i n  (3 .25) ,  t h e  arguments a r e  

Y i ( t l f J T J q l >  * *  * J q n )  

The boundary value problem now becomes t h e  same a s  
be fo re ,  except t h a t  t h e  composite func t ions  

by t h e  composition 
F j * ( t > T , q l , * * * J  qm>qm+I~ . , qm+k)~  j=1 ,2 , .  . . ,k+l a r e  given 

J T ~ ) J  J Z ~ ( ~ J T , T ~ ~  . >Tnj>. 

and the Jacobian J i s  correspondingly d i f f e r e n t .  

A l l  techniques of the previous s e c t i o n s  a r e  now 
a p p l i c a b l e .  
doubly composite, s i n c e  t h e  Zi a r e  themselves composite. 
Thus, f o r  example, i n  t h e  d i f f e r e n t i a t i o n  of  ( 2 . 7 )  t o  
o b t a i n  t h e  analogue o f  ( 3 . 5 ) , t h e  chain ru l emus t  be a p p l i e d  
t o  t h e  func t ions  Zi a s  wel l .  

One must bea r  i n  mind t h a t  t h e  Fj* a r e  now 

Since t h e  system ( s )  a p p l i e s  to both s t a g e s ,  equat ions  
such a s  (3.13) a r e  s t i l l  v a l i d  f o r  a l l  t E [ T ,  tf*]. There 
i s  never  any need t o  i n t e g r a t e  (3.13) a c r o s s  t h e  d i scon t inu -  
i t i e s  a t  t i f J  s i n c e  t h e  p a r t i a l s  needed a r e  given by s e p a r a t e  
i n t e g r a t i o n s  f o r  the Y i  from T t o  t and f o r  t h e  Z i  from 
t t o  tf*. A l l  of t h i $  i s  p l a i n  fo l lowing  d i f f e r e n t i a t i o n  
of (2 .7 ) ,  keeping c a r e f u l  t r a c k  of the involved arguments. 

I f  
I f  
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